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Abstract 
In this paper, the effect of composite patch on reinforcement of cylindrical tube containing a surface crack under internal pressure is 
investigated using a three dimensional finite element method. The cylindrical tube contains an external circumferential semi-
elliptical crack and the aspect ratio of the cracks is between 0.2 and 1 and its relative depths are 0.2 and 0.8. In order to ensure the 
accuracy of modelling, first, a cylinder containing a surface crack is simulated under uniform tension loading and the results are 
compared with the available data. The stress intensity factor at the crack tip is determined using the J-integral. Then, the cracked 
cylinder under internal pressure is repaired using topical composite patch. In this regard, in order to select the appropriate patch, the 
effect of different parameters such as length, width, thickness, material and angle of composite multi-layer fibers on the stress 
intensity factors are examined. The results indicate that the stress intensity factors can decrease about 23% by using the appropriate 
patches which caused the increase of fatigue life due to the decrease of fatigue crack growth rate. 
Keywords: Circumferential semi-elliptical crack, Stress intensity factor, Composite repair, 3D finite element method. 
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	E�	E �6�	E 2/0 �4/0 �6/0  �1  �a/t	E�	E �6�	E ���� D�2 2/0  �8/0 
�� 9�E��. 

  ���f9 �fE S�AJ� �AE�6 �E �M�� �E ��
E� ��    ����
f6� �f��� D>�f6  D�
I	� ��� ����� Y0� D�	�� V�4T� �O���� �E [��
� �6���� ��   D�2

] ��M��13 .6� ��9 D��)? �J. �[   �fE D��)f?��E l�� _F6  f��<
���� 7�42 �� ����G4T � �-R��  J� D�� ��0   ��9�E 	��}�  ��f9 ����

���� C��	� ��< @�� �� � I	� D ���  f6� �
 	? ��	R �6�	E ����.   �fE
d	. ��X�� ��� �� ���4T� D>	� h��	9 	H� >� 	X�   �� �f�GE ���� V�W ��2

       �� D>	f� g	f9 l�f� 	f2 :�f`
�� ~	f  @�� �E .6� ��9 �
 	? 	X�
�E I	� �	�G4T D�� ���� D�8
��  	�H���� V�� D�	E .��	?    ��f
 � D>�f6

       f��< �f� ��f9 �f�A� ���fW D�
f6�� �� ���� D�8
�� ���5E�M ��-R��
�JN. Y�	� ���� �� ��M�� D� .��	? V�4T� �E�O �E ��GE D�2  

  Z�f9 SE�P� ����� �]	T 3PA� �� �� I	� �-R�� �E �M�� �E1 
V�� �� ���� ��	R �� D>�6 �JN. ,� >� 7��� .) �]	T 7��A� D�JN  D

xy(   	f�; �E �7��A� D>	� g	9 V�4T� D�	E ��< @�� �� .��4� ���N
6�
�JN. >�  ��J�) ���W D�
6�� �� �JN. @�� g�A� 	��6 I	� Dz ( ��A�

  �JNf. @�f�p42 .6� ��9     �fA4T >� ��f��)? ���fW 3fPA� D   @�	f�
�PA� �8�M D �JN.) I	� D  Dyz (  �JNf. Lf��    �f6��2 i�� 7��fA� D
��  �� �� �9�E    Sf4T D�
f6�� �� �E�f0� 4�R �� �E �� �1�E 3R��a 

�� C��A�  @f�� >� .���4�      �JNf. �� ��fM� �fE �fM�� �fE ��   �� 7��fA� D
 ��L � i	� �� V�� 3E� ���B�� D��)?��E � �6��2 -    xPf6 �� �f4�� �f�

 ��J�) ����
6� ��J� D�
6�� �� 	/�� C�� � �]	T 3PA�z �f� (  �f9�E - 
 ��	R Z�GJ� ������ ?��	  Z�9)2 .(  ���fA� @��p42c  V�f� ��   D>�f6

      ����
f6� �f��	�E 	fPR �fP�J� f8M �� I	� �-R�� V�W aq� 	E�	E
 Z�9) 6� ��9 ��J�1.(  

V�� D�	E i	� >� D>�6  ��Lf �   ���fJ� K�LfM�    �`f�� ����fE�6,14 
 .ff6� ��ff9 ���N
ff6�V�ff� �ffG<	� @�	ff
48�  D>�ff6K�LffM�  ����ffJ�  

�E C8� @�� .6� D��E 7�4�� �5��� 4�R D�2  �f� SAJ� \6���   .�fE��
   ����fJ� �� Zf< fR� Y��L � ��X�� �E @��p42    >� �I	f� d�	fW� D

�� ���N
6� b�E ���/c �E D��E 7�4��       ��
��f� D�f�E 7�f4�� D�	fE .��f9
��ff? D�ff-E �ff6 7�ff4�� >� I	ff� �ff8�M V�ff<  D�15 �	ff?  �ff��	� D�2 

)C3D15 D�-E �6 7�4�� >� I	� I�GE D�2��
��� D�	E �(  �f8M� Y9
20 �	?  ���	� D�2 )C3D20R   4f�R 	��f6 D�	fE � (    >� ����
f6� D�f2

 �8M� Y9 D�-E �6 7�4��8 �	? ) �PO D�C3D8R   ��f9 ���N
f6� (
��? 7�4�� �� .6�     �Gf.�  �fE ���f�� �	f? �-R�� V�A
�� �E D�   ,f� D

V�� 7���� �7�4�� I�� i��8c    �f8�M �� Y�f� �f/���� D>�6   I	f� D

�� ��5��  .��	? Z�9 7�4�� �� l�]�� @��2 .6� ��9 ���� 7�0�  
  

  
 4�1- J1K :6��� =�� >1  C�� ��5) 1��5��� ) .3@�� �L .�( 

  

  
 4�2- ���,5 ) ����(   �/ ���G  M�"#$ 75 �/�#��5 �� C�� N�� .���


,3K ) 
O10 N-G� P-� 
  

    (�� ��f6� 	fE Y�f� ^�9 \�	] ��6�J� (�� S�AJ� @�� ��
 V�	/
�� ��6�J� � D�	��J �� �9�E�E Y�� ^�9 \�	] .   �fPE�� �E �-E

)1 ( ��6�J��� ��9 ]13:[  

)1(  �∗ 	   �� ⁄ � ���/�� 

 �PE�� @�� ���  � ��       \�	f] � ��f9 V�f4T� D��fJ� Y�f� \��	� �E
�� V�� �y� �� ���J� K�LM� (�� >� Z.�< Y�� ^�9    	
����f� .��f9�E



 

 

236  

��
T �

-��
P�

D 
9�

� 	
H��

 Z
���

T
� 

>�
F�

�� 
�G

.�
 >�

�

... 

�
 

 I	� �6��2 Z�9 �      f6�E D�f1�E V�	f/
�� D	f6 h�E \�	A� >�
�� ) �PE�� >� ���N
6� �E � ���2 ��6�J� (�� ��9 ]25:[  

)2(  � 	 1 + 1.464�/���.��        ��� 
�
�

≤ 1� 

[��
� D��T 	]��E Y�� ^�9 \�  3M	� �E 7� ����A� � �-E
]13[  V��M ��1 6� ��9 ����� \6��� ����E ���� 6�E R� .

 � ���E@�/���� 	E�	E �PO 5/4  �.��6� �	�G4T >� 7���4W� >� _� .
.6� �
 	? ��	R �GO�� ��0  J� ����
6� �V��  ��GO�� ��0 �N��� 

 ��5�� ����
6� ��J� D�
6�� �� �0���� ���  I	� ��5�� �E 	5�� ��y� 
V�� �� ��9 �� D��)?��E �� D��J� Y0� � �GO�� ��0  V�� ^��N� .

 V�����E  ������ 	/�� ��	9 	E S�P��h V��  ��< D>�600�� 
�� �9�E .��
�[  V��M �� �GO�� ��0  V�4T� >� Z.�<2  ��9 �v���

.6� �E  �-E	] D>�6�E L�� �GO�� ��0  D��)?��E �� Y�� ^�9 \� 	
��6� ) �PE��1 (�� �9�E.  >� D��J� Y�� �E �GO�� ��0  Z���� D�	E

) �PE��3 ���N
6� (�� :��9  
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 C)��1- 
� :�  M�� Q651O R6��� .�3"� :'9 S"  �+�  

a/c a/t 
K* 

	]�< S�AJ�  � �M��] @����13[ 

2/0  2/0  10/1   - 

2/0  8/0  38/1   - 

6/0  2/0  08/1  11/1  

6/0  8/0  39/1  46/1  

1 2/0  02/1  02/1  

1 8/0  18/1  08/1  

  

 C)��2- 
� :�  M�� Q651O R6��� 
�T5/ ��'< S"  �+�  

a/c a/t K* 

2/0  2/0  66/0  

2/0  5/0  72/0  

6/0  2/0  64/0  

6/0  5/0  71/0  

6/0  8/0  81/0  

1 2/0  74/0  

1 5/0  84/0  

1 8/0  00/1  

  

3 - >1  =��1  ��$) 75 �/�#��5 �� 
�6738��9 .  

 D�-E �6 D>�6 ���9 J. >� 7���4W� >� _� Y`E @�� ��
I	� D��< ����
6� �G.� >� ���N
6� �E \�6� C��	� ����	  �6�	E �E  

.6� ��9 �
O��	� �
�>�F���  �.�� 7�L�� I	� �-]� ���8E ���-�
 Y2�� \�	]�E Y�� ^�9 �-E ��9 �� �9�E.  �� ����	 V�� D>�6� 

�G.� D  �E�0� ��-E� �E ���c h6�� �
�>�F��� ��O��`] � �G.� 
2/0  	
4�G�� �E����  ������c �96� � �42 �� ��b @�� .V�� �2  ��M�

 .6� E�H 7� ��`] � �
9�� �E �E�0� Y`E @�� ��4�R D�2 
I	� ����
6� 	E ��9 ��5��  L�� �G.� � \�c ��b ����4�R   ��9 D��E

�	? 02 7�4�� >� �G.� D��E 7�4�� ��X�� �E .6� ) �
6�� D�Shell (
��b ,���� a�	-� �E  7�4�� >� \�c D��E 7�4�� D�	E � �
�>�F��� D�2

 �8M� Y9 D�-E �620 �	?  ���	� D�2 )C3D20R ��9 ���N
6� (
c .6�V�� �� \�  	X� �� @/42 ���� ,� 7���T �E ��9 i�5�� D>�6

�� .6� ��9 �
 	? �-��P� @�� ��
 � >� \�c �PA� 	X� Y���M � 
\�	`� V�� �� .6� �
 	/� ��	R �6�	E ����  xP6 ���9 i�5�� D>�6

 xP6 �E \�c ��b ��b�E xP6 � \�c ��b @�	�> xP6 �E LG  ���R� 
� ,4� �E �G.� ���
J�) �	? ,���Tie (�� .6� ��9 ���� V�q�� (

�E�M 	���A� 7� �� �� 6� �.�O ��< �	?  xP6 �E xP6 ,� ���M
�� 7��42 m�A�R� 	/�� �9 .� \�6� �� D����� �� 6� 	�� �E i>b

 ��9 	� \�c �E �	N< ���E ��
E� ��9�E ���� xP6 �?��� ^��. �E ����
	� � ��A� �G.� >� ���N
6� �E _F6 � 	]�< S�AJ� �� .��9 C��

.6� ��9 ��X�� I	� ��5�� ^��. �E ���� \�6� �G.� D 
�>�F���� 
 :�`
�� D�J� �E \6����� ��9  ��D�	E  I	� �6��2 h��	9 ���4�

(7� �9� V�4
<� �E �M�� �E)�  6� �8��E .�9�E D��q
R� � \6���
e	� ��� �9 �2��O 	
0�E ��A� �E 	5�� ��LE ��-E� �E �G.�  @��HB��	 

 �� � ����� E�H�PA� � @�� ���8E DHB��	  ���0�E�� �9�E .@�� >� �� 
�G.� � :�`
�� D��  @�	
0�E �� ��9HB��	  Y�� ^�9 \�	] D�� 	E

.�9�E �
9�� �� ���N
6� ���� ���� �E ��� `0��q 2D�  �6�	E ����
 �G.� Z��9�2	
����� �G.� D��-E� D)7�4� ����> ���8�  ��`] �
�G.� �(���� D 
�>�F����  ��� D	�? ��	R ����>�d�  �� .�9�E  ���O

�G.� �������  V��M �� \�c � �
�>�F��� D�23 ��9 ����� .6�  
  

 C��3 - ] C�� 
6;�< M�VW'�26[  

���O  �<��  
����  

\�c ������/@E	� ������/��E 

E1 GPa 97/0  4/172  208 

E3  � E2 GPa  - 34/10  4/25  

υ13  � υ12  - 33/0  3/0  17/0  

υ23  -  - 18/0  04/0  

G13  � G12 GPa  - 82/4  24/7  

G23 GPa  - 1/3  94/4  
  

 �6�	E D�	EHB��	 �2	
����� �� I	� ^�	H� ���8E �� �G.� D
 ��
E� �Y�� ^�9 \��	] Y2�� � ����
6��G.� � Y�� ^��. �E D

 :�`
�� ~	 �9 V��M) 6� �4 �6�	E �E _F6 .(��< �2 @�4� D
 :�`
�� \6��� ��< �	
����� 	2�� ��9 �(�����) ~	  Y�� �G.� .

�G.� �V�� >� Z.�< d��-
� D >�6D �2 � [��
� �6�	E �aG
`� D
�� 3M�	� >� ���N
6� @��p42 .�9�E  

 
 C)��4-  M�VW'��(1��5��� ��$) Z1< :�� .
�6738��9  

 ��`]E� �-E1  D��8� E� �-E2  ����  7����c3  

3/0  2 ������/@E	�  8]0[  
1 - ����
6� ��`] �E �G.� ��`] ��� �2 -  D��8� ���

��
6� �GO�� l�-9 �E �G.��� �3 - °0 �� d���� D	�? ��	R ����> :
���W ��J� 	E ��4T D�
6�� ����
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3-1 -  
+O3� ��$) ���9 �6)57 
��1��1 �/>1  =�  

 ����
6� �M��O xP6 D�� 	E D��)? �G.� ����	 ��  �E �����
.�9�E �-]�� �� Z��� ^��.  ���E �G.� 7�4� ����> �-]�� ��< ��

���? �E  ��9 :�`
�� D� �� �E��W  ���4� D�	E @�/�����6��2 �2 D
) I	�a/c  �a/t � ���E \6��� (aG
`� D�2HB��	 E�0��� � �
9�� D

 �6�	E D�	E .�9�EHB��	  \�	] Y2�� �� �G.� 7�4� ����> 7�L��
 ����> �E �G.� �Y�� ^�97�4� 60 �120  �180  � ��9 V�� �M��

�G.� � D �-]�� @�	
0�E �EHB��	 �9 :�`
��6� � D�2	
���� 	��6 .
	H��  V��M S�W4 E � ~	  Y�� ^��.�� �9�E . ��Z�9 �2 D3  ��5 

	] Y2�� 7�L����E Y�� ^�9 \�  �-E D�>� �E�>��� � 7�4� aG
`� D
6��2 h��	9�  I	�6� ��9 �����.  ^�9 \�	] �02�� e	� [��
�

 Y���E �� �G.� 7�4� ����> Y��L � �� 7�0� .�2�  
  

  
 4�3- 
� :�  M�� Q61O M51��[   ���9 �6)57 Q�?1� �+���$)  

 �/2/0a/t= 
  

  
 4�4- 
� :�  M�� Q61O M51��[   ���9 �6)57 Q�?1� �+���$)  

 �/5/0a/t= 
  

 ����> \�<	E \�6� ���8E 7�L��7�4� �2 aG
`� D�G.�  �-]��
 Z�9 ��6  .6� ��9 ����� ����	  �� \�6� ���8E @�/���� �.��

 7�4� D����> D�>� �E C��	�60 �120  �180  	E�	E \��	� �E �M��
90/8 �78/12  �69/13 �� �.�� �� �X<=� �� ��P��42 .�9�E  ��9

 d=
O�HB��	  �� 7�L��\�	] Y2�� ^�9 �E Y��  7�4� ����> �� �-E
120  7�4� ����> �E60 �88/3  7�4� ����> �E � �.��180  ,� >� 	
4�

�� �.�� .�9�E  :�`
�� �d�2 �5��� ����>�� � @�	
0�E �� 6� DHB��	 
���� >� ���N
6� @�	
4� �E ��� ��  .�9�E �
9�� >��� ���� D�)�  ����>

120  ^b�< ��AE �E ��� �M��\6��� :�`
�� D	� �6�	� ��  C��	�
I	� ����
6�  ����� .�9�E  C��	� �E �E��
6� 8M �G.� D�2	
�����

 7�4� ����> :��
<� �E \6���120  V��M �� �M��5 .6� ��9 �v���  
  

  
 4�5- 
� :�  M�� Q61O M51��[   ���9 �6)57 Q�?1� �+���$)  

 �/8/0a/t= 
  

  
 4�6-  /3A�� ^�_���� �$�/�Q�?1  �6)57���9  ��$)  
+O3� 

  

 C)��5- ���9 �6)57 `�W��5 75 �+� ��$) .�(1��5��� M�VW'�  

����>  
7�4�  

��`]  
E� �-E  

D��8�  
E� �-E  

����  
����>  

b�� �2  
�.��  
��N�  

°120  3/0  2 ������/@E	�  8]0[  78/12  
  

3-2 -  
��1�2a  
+O3� ��$) �6b S��WO 1��/ �1  =�

>1   

 ��`] �6�	E ���� i�� 	
����� �G.�6�  �� ����	  �� S�AJ�
�E ����
6� ��`] �E ���  .6� ��9 �-E ��Z�9 �2 D7  ��9  ���A�

	]� D�>� �E Y�� ^�9 \� 	��}���`]   � �G.���-E� ���  �
S4T  ^��N
� ���� D�2 Y��4�6� ��9 ����.  �G.� D�2	
���� 	��6

 V��M �E�0�5 �� .�9�E �� ��2�0� �� ��P��42 ��`] Y��L � ��9 

�G.� \M�� Y��L � �	�G4T C��	� �2��O  .�9 ^�9 \��	] @�/����
) Y��a/c  �a/t D�>� �E (aG
`� D�2��`] �2 �� �G.� aG
`� D
 Z�910 �� �X<=� �� ��P��42 .6� ��9 �����  ��`] ��9

�E  �-E3/0 �E �
��`] �HB��	 \6��� D��)?�� �9�E.  ��`] @��30 
 d=
O� � ���E ����
6� ��`] �.��HB��	 ��`] �E 7� 2/0  >� Y�E

 ��`] �E � �.�� ,�4/0  �5/0  \��	� �E���< 39/0  �64/0 
 �.��6�. �� 7�0� [��
� �2�  ��`]3/0  ��5/0 �E�0� �	�G4T   D�

 D�	E �
��`] :�`
�� 	/�� ^���T �E .���� ^�9 \�	] Y2�� ��
�� �G.�  7���� �	�G4T ���� 6� �E [��
� �E �M�� �E ��9��� �>�E

�� �5�
� �� C��	� 7>� ��
��  �42� �E �M�� �E �� �2� �� �>�6  ��2
8� ����E YA� \6��� ��`] �E �G.� :�`
���2��O �4 9��.  �)�

�E ��`]  �-E3/0  ~	  Y�� � ��9 ��J� \6��� ��`] 7���T �E
.6� ���E ��6��� :�`
�� ����� 
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