
  

  

 

 

�
�

��
� 

��
	

�

 

��
�

�
�� 

��
�

� �
�

�
��


 
90

 �
��

 �
5

0
 �

��
��

 �
1 �

��
��

 �
13

99
 �

�
��

 �
91 -

99 – 



!
"#

$�
 -  

10
.2

20
34

/jm
eu

t.2
02

0.
97

62
 

D
O

I:
 

*  :�����	
��� �� ���� ������ ������ �������abolbash@um.ac.ir  

 : ���� !����16/10/95                                                    

 :(	�)� !����25/06/98 

����� 
%&��' ()*�� �+�� 
,�� #( 
���- .+�� �+�� .&/� �" �,�)�� .�" 
  

 
%&/0 
%)�&)1 ��)23�   ��,�� ���,��� ��	-.����� �/��0� �1�	�� ��02� ��02� �/��	  ��32���  

./!*4&)�& 5�67 ����*  �/��	  ��32��� �4�� ����� �/��0� �25�6� 7�	� �.����� �/��0� ��	- ���
/� �02� ���02� 1�	��  

  

���9  

8��9�	 (��  � :); ����	  <�	= <���>1�	� � �?� ���0= (�� �� 1�@�� �A�/ �
0> �� �B���� <A�/  �5(BESO)  �� ��, ��0�2�� 1�	325�6� �CD= E/��

�� F�G�� ���� F�� � ); 1A� �� HG; ��� �� ����3�/ 	
����� .� �= ����	  ��� I��� �= �@5 J�� �= .��, 1��= 1���� <�5 � �?� � :);   (�� �BESO 

�?� � :); ����	  ��A�/ �
L/ 1�, 8����� I��� �= �� ); HG; ��� M��7 � �= �
; ���	�� ��N A� �D= ����� �CD= �� 1��� �
 �� ���0= �� � ��, ��� � 

�� OP�
� �
;  (�� �M5�6� J�� �� .��,BESO �� ���0= �B�, �= ����Q� �� �=��  .����� �� �B�P <�5 	
@� 1��A �� <��0�2�� (�� 	3�� 1��= �=

R	S  �G�
� �� <	
0= <�5�� �5�  .���0= ����A �� T�U� ��N �V��� �=  � M�� ���D� �� �= .�
/W��
/X� � .�
/X� ��; �� �� �QYZ .� ��
8�/ <A�/

(�� �= ���0= J�� [��
� ��
L/  ���0= �A�/ �B���� <A�/  �5(ESO) ���� 1�2� 1� <	�	= � ����\� 1�	325�6� 	3�� <��0�2�� H
���3�� �  ��  .��,A� T�U�  <�5

 ��, F�G���� ��  	- �G�
� 1���  ���\����2�= �� 	
0= �	�B@] ^8�, � M�� .��,�=  

�:&# .�" .���' :0=��� A�/< B����� �A�/ �5� 0=��� A�/< B����� 
0> ��� �A�/ �5� 
L/�� ��D� M��T. 
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Abstract  
Recently, some researchers proposed a new algorithm for the bidirectional evolutionary structural optimization (BESO) in which 
adding and removing of elements is controlled by a signal parameter of removal ratio of volume (or weight). Nevertheless, their 
BESO improvement suffers from some restrictions like premature stopping of the iterative process due to the closeness of the adding 
and removing coefficients. In this study, the BESO method is modified such that eliminates the previous restrictions and increase its 
efficiency significantly. Several examples are presented for structural optimization of a plate in two states of elastic and elasto-
plastic with stiffness and stress criteria. From the three examples, one can conclude that the modified BESO algorithm is more robust 
than the ESO and BESO algorithm previously proposed. It is also concluded the maximum stress and the performance index are 
improved in comparison with the case when the signal parameter is the same.  Overall, the proposed modification prevent the 
premature termination of the optimization process when the optimization process is based on the hard kill method with both adding 
and removing the elements. 
Keywords: Evolutionary structural optimization, Bidirectional evolutionary structural optimization, Stiffness, Equivalent stress.  

  
 

1 - ���<�   

:�5 ���0= <A�/ <��
8�/ :); �� A�= _�A�� ���� �� ����� ����� 

�A�/ � 1��/� �= .� ��
8�/ J�0= �� �,�= .J�� �(�� .� (�� 

�8	N <� ���= �� �= ��S T�@D� ��	@5 �= �`L���� <� A� <�5��
8�/ 

����� �� �,�= � 1� �5 7�� �� ����	  �;�	S I=�P ���Y
/� �� ��,�=.  

�D/�� � (	
�- (�� <�5 ���0= <A�/ �A�/ �5 	G�� �= � 	D� 

(�� �5 � ��	a� <�5 �YB
L� <�	= J
 �� ��
8�/ J�0= ��, /� .�� 

T�/ 1992 (�� <���> E/�� <�b � 1��
/� ]1 -3 [�V��� ���	- �� 

���0= -<A�/ �B���� �A�/ �5 ������ �, .���� J�� (�� :); �G���� 

1�@�� <�5 H� M�� �� ��	?	�g< A� ����� < H@�7��� ����� �A�/ ��= .

T�hQ� ���0� J�� �(�� �A�/ <� �= _�A�� M�� 8����� �� �,�= .A� 

1� 1��A �� 1��� <�5�	=��� (�� ESO �= i�, M��7 � �
 �� /� .

F�- <�5 ����� �D/�� (�� ESO <�	= i��j� ������ J�� �(�� �= I�BQ� 

I���� .�/W� <���� .� <��)-��= ��Zi  	- .k� A� i��j� 

������ � P� (�� E/�� <�b � 1��
/� ]1 -5 [� 1�
��5 � 7��/ 

]6[� A� 1� �� IV��� T���
� 	� ���Y
/� �, .<�b � 1��
/� �� I���� 

<���� ��N <��)-��= ]7 [� �� I���� .������ ]8[� A� (�� ESO 

���Y
/� ���	� .k� A� �1� (�� ESO �� �;�	S �A�m��� �5 /��E 

	Bm��� � 1��
/� ]9 [� �;�	S i�DnP <	�@D� �@����5 E/�� 1��
/� 

� 1����@5]10 [���Y
/� �, .km/ ��N � 1����@5]11 [A� ��P �
L/ 

�= 1���] ���D� �3��0= �� (�� ESO ���Y
/� ���	� .�= ,)- �1��A 

�	=��� ESO �� I���� M��@� E/�� ��>�������� 1����@5]12[� 

<�5A	� o	Q
�  �E/� 1��
/� � 1����@5]13[� ���G=�> k���	  

�D��S E/�� �V�b � 1����@5 ]14 -15 [� ��
 � 	�g �n8 �A�/ �= (�� 

ESO E/�� J�	V�� ]16 [� �= (�� BESO E/�� q��5]17 [

���0= <A�/ <b������ 	= ��/� �B=�P 1���@S� E/�� F�� � 1����@5 

]18 [� J��`@5 <�5��
8�/ o	� ����8 E/�� ��,<	 ]19[� ���� 

�/�	= � �D��n� ��	P �
 	- /� .(�� ESO �� ����� �= �G
�> �� 

<�C  �;�	S H5 �= @����  <�5 �BQ� � H5 �= @���� rBn� /� �=�� 

]20[� ��� �= I��� �-6�� �B���� �1� F�3�5 ���8	= �= .� �n\� 

@���� �BQ� OP�� �5��L� s�	� ��B= <�	= 1��/� �= !/�� 	
0= ���	 � 

�� ����� ��¬�5� ]4 .[J�
�L� ��= J�	V�� �� i�\�\Q� ���8 QZ 

�?��� (�� ESO �� �= 1���] .� (�� �\n�� ���0= <A�/ �A�/¬�5 
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�= i��j� ���/� ]20 .[(�� ���0= <A�/ �B���� �A�/ �5 A� ���Z� ����= 

���/ � �� J�] T�; ������ <�	�� �� ��� .���\� ���� � ); �= �� 

	
����� ��T	
 �� ��, .��� ��� :); 1
RR /� � �	=��� 1� �	�� 

1�	� � �= 	�8t� J
8���� ����	  :); 1�@�� �� �,�= �� �= 	���\� 

��N�� u�	, �� ��, � <	3�� v	� �B���� 2 ER �� w]�= �,� F��� 

��� :); �� ��, �� J��= �B�/� 1���@S� IZ�; ��, �� �0�� ���D� 

����� 1�@�� �� 	5 ��	�� :); �� ���, � ����� �;�	S IZ�; A� 	5 

�8	N i��Y� ����= <���A ��� �= �8	N J�2�� �����.��� A� 

�����	�� �� �= (�� ESO .�/W� ���� �� ��, J�� /� �� �� J�� 

(�� 	-� ���@�� :); ���, �B=�P 2-A�= ��G� �= ��
8�/ �A�/ �� 

�5��L� �,�� �� ���; �� J�@� /� 1�@�� :); ��, �� I;�	� 

�D= ���=�� � �� ��
8�/ ���0= ���� A��� �,�= .�= ��a�� :	S	= 1��@� 

J�� �T��,� (�� <���> �= F�� ESO �� �
0> �� BESO �V��� ���	- .

�� J�� (�� �A�>� ���� �� ��, �� 1�@�� <�5 :); ��, �� i��Z 

A��� �= ��
8�/ �A�/ ���	-A�= .1�N �� (�� BESO 1���� �	-A�=1��� 

1�@�� <�5 :); ��, 7�� ��>� ����� �� ����\� �= (�� ESO 	����� 

/� ]21 .[�� J�� (�� ���\� ���� <� �� ���= �� 	5 �B;	� :); �� 

� �?� ��, �= x��	� �= ��� :); � ��� � �?� J��D� �� ���, .

����� ���7�  ����� <�	= A�g� ����	  BESO �� ����� 1�@5 	U���; 

����� �� (�� ESO � �� I��, IP��; ���D� 1�@�� ���5 �� �5�	�� �� �= 

���� ��- �5 Ih
� �� ���� �,�= .�
P� BESO �= IP��; ����� < ����� 

A�g� �� ���, HG; �A�/ �� 1��/� �= �@G; 	
2�= A� HG; :�5 �= 

��S �G���� ���A �� ��, � km/ �= ��S �G���� u�	, �= H� 1�	� 

HG; �� ��� .�	 ��� BESO �
P� OP�
� �� ��, �� �A�/ <�	= J���� 

�� J���� ��= �= HG; ���� 	a� �/	= .J,�� /� �� J�� (�� �� 

<����� ����� � �?� 1�, �C] �= <b	�� �2�	� J���� � �� 	YZ �� 9W�P 

:); ��, ��N� I�2� �� ��, .�= J�@5 I��� <�5	
����� �B���� 

���= �B�8 .N�� 4�L
�� ���, �� �=��> �� �= (�� BESO �= /� 

�� ��� I=�P T��P �,�= .J��	=��= ��A�= ����/�Q� H� � 1��A <�	>� 

����	= ��X�S �� ��, .<�	= ��Bg 	= J�� I�2� �� T�/ 2006 q��5 � 

1����@5 ]22 [�,�� ���> <�	= F�G�� ����	  BESO ��0�2�� ���	� � 

����	  :); � � �?� 1�	� 1�@�� �� �= .� 	
����� ����3�/ �� ��� 

HG; �� 1A� � ); 3
RRV F�� ,�� F�G�� ����� .1� �5 �= F�G�� J���N 

T�U� �= :�5 =�2��� <A�/ �
L/ �A�/ � �= y	  .�
/X� 1��= ����� 

I\
�� 1��= R	S J�0= ���0� �� A� 4�L
�� R	S ����� <�	= ����	  

BESO � 	
0= 1��= [��
� �= /� ���� �= J�� (�� �� ��� �= (�� 

ESO � BESO ����� i��j� ���	� .�= J�� �@5 ��� A� ��W�2� �� 

J@? <�	>� J�� (�� BESO �= ��>� �� ��� J�� /� �� 1�N ��] 

�/��; ���
/�  <�	= ����	  :); � � �?� 1�	� 1���� �� 	a� 

�
 	- �� ��, �� �CD= ����� �D= A� ��N ��	�� �8	N < ���0= �<A�/ 

�
; �= M��7 � ��� HG; �� ); �= I��� 8����� 1�, �
L/ 

��A�/ ����	  :); � � �?� ��� ��, � �� �
; OP�
� �� ��, .�� J�� 

i��Z 	-� A� IP��; ����� �;�	S u�	, �= F�G�� ����	  ���0= <A�/ 

                                                             
1 Rejection  ratio 
2 Evolutionary rate 
3 Removal Ratio of Volume 

��, ��,�= 1���� 1��/� �= HG; 	
2�= � �� �� ����Z �� A� 	U���; 

����� u�	, ��, �,�=� 1���� 1��/� �= .� HG; 	
@� ��>� ����� � 

�� �� i��Z �1���� <�	>� ����	  ����= ��X�S �� ��, .<�	= ��Bg 	= 

J�� �I�2� �� J�� M5�6� <�	= ����	  :); � �� �?� ��� :); � 

� �?� < �@G; �= i��Z �7G� �� 	a� �
 	- ��, � �= F�G�� i�	��z� 

	3�� �� H
���3�� <��0�2�� �5q� ������ J�� (�� ���0= �� �=�� . ��

 � <A�/ ���0= ����	  1�, ��X�S I�2� 1��7@5 <��0�2�� (��

R	S ���0=  �	�B@] ^8�, � <A�/ ���0= ���D� 	a� A� ��, �G�
� <�5

 ./� ��, IZ�;<�	= i��j� ������ (�� �<��0�2�� .� �QYZ �= 

�/ {	, ���� �5�- OB
L� �� �� ��; .�
/X� � � �= .�
/W��
/X

�� ���0= T��D� M�� � �
L/ ���D� ��  �� �= ���� /� �= [��
� .��,

 (��BESO J
 	- 	a� �� �= ��� ����   (��) 1���� � �?� � :);

] _>	�22 �= <	3�� � ([��� <�5 � �?� � :);  � i��Y
� <

 (�� �= J��`@5ESO �� wQ= [��
� <�� � ����\�  .��, ����� ��

��
=� �� O�	D� �/��; ��] � <A�/ ���0= �B~��  ��] km/ � ���,

1�@�� � �?� � :); ����	  <�	= ���
/� �/��; �� 1��= �5 .��,  ��3��

�� O�	D� �	�B@] ^8�, ���0= (�� <�D= ML= �� .��,  <A�/

�A�/ �B���� �� ��	2� �5  A� � R	n� T�U� J���N 1� T���� �= � ��,

�� I; <��0�2�� (�� �G�
� ML= �� ��0� �� � ���,  _@> <	�-

�� R	n� 	?�; M5�6� <��= .��,  

  

2 - ����� ��>6� ?���67 (�@ # .+��  

�D= A� H��\�¬<��= <�7>� ���Q� ����� ��;�	S T�@]� ���@� 

���P �<A	� I; �����
/� �A�/ � J��D� ���D� ���� ���Y
/� <�	= 

���0= �<A�/ ���= �� 	5 ��B;	� 	���
� �= :�5 ���0= �<A�/ 1�@�� ���5 

:); � �� � �?� ���, .�� <����= A� �A�/ ��5 :�5 =�2��� <A�/ 

�
L/ �A�/ �� T��D� �= ���@� <A�/ k���Bm��� /� �� �,�= .�� 

T�/ 1998 �� � 1����@5 ]23 [=�j ���	� �� �� ����	  ���0= <A�/ 

�B���� �5A�/ �� �
��; �� ��
 � ���� .�
/X� �,�= �D��� :); M�� 

T��D� 1� 7��� � �
L/ T��D� ��� .�� ML= <�D= �3��3N �= /� 

1���� ��] �/��; <�	= 	5 �� ���D� �V���  �� ��,.  

  

2-1 - ���3� A�- BC7 
1� T��D� M�� ) �n=�� i��Z �= <�D= �� ��; �� 7���1 (

��  �,�=  

 1� �� ��  � � x��	� �=M� 0> �� �BZ� <�5  <�51  �2 

�� .��,�= 

 ���0= ����	  A� �8	N 	5 �� <A�/� 1�@��  �/��; ��] �� ���5

1� ���
/� �; A� �5 �� :); �,�= 	
@� J���� <  �� ����Z �� � ���,

���
/� A� 1�@�� .� <�	= �/��; ��]  � �?� ����	  �,�= 	
2�= X�= <

 F�G�� 1� :�	S� �� 1�@�� 1�	���  �= �@G; ��P � :�5 _=��.��,

) E=��� i��Z2) � (3�� ( :��,�=  

 )1 (  
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 E=��� J�� �� ��n � ��F  �L  � ���5� 1�2� x��	� �=  <

1�@�� ���D� 1� T��D� M�� ��5 @�� HG; �7���1�i 	= ���� <�	�� I� �F�

�A�/ I� HG; � ���� T�S ��A�/ �� J�0= <  .��,�= ��]

�/��;i�� 	�A �n=�� i��Z �= 1�@�� J���  :�,�= 

 <�3�� 1�	= ��� �= �=M��  A� <	�-G�	n,� 1�,1  ��, � 	D�

] 1����@5 � �� E/��24 �= �	- 	5 <�	= �/��; ��] ��
=� �� �[

� i��Z1�@�� �/��; ��] J�3��� ) �n=�� r�S �	- �= Ih
� <�55 (

�� ��/�Q� ��,.   

  

��m 1�@�� ���D� :	D� �	- �= Ih
� <�5K � F�  ��]

�/��;K �� �	- J��� T��D
� �/��; ��] ��0� �� .�,�= ��,  <

i �= 1�@�� J�����3���J -�	 �/��; ��] <����@5 <�0��@�� � 1� 1�@�

) �n=�� r�S6�� /� �= ( �n=�� J�� �� .��� N  I� ���D��	- �5 <

�= Ih
�  e�� 1�@�� J��� .�,�=  

  

2-2 - 
,D� ���3� 

=�2���  �= T��D� �A�/ �
L/ <A�/@���� k���Bm��� <A�/2  1�

] /�11 J��	=��= .[) E=��� r�S �@G; ��P � :�5 _=���7) � (8 (

�� ��,�=:   
 

 
)7(  

0
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* =−≡ 
=
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i
i XVVg

 
)8(  

 ��C �k���Bm���   ��	�� ���	={U}    �1���	��z� ���	=  HG;

 1�@�� i� F� �� �A�/ HG;  �� �
P� .�,�=i :); �A�/ A� 1�@�� J���

�� 1�@�� �2�	� <b	�� �= T��D� �k���Bm��� �� 	��z� ��,i  �� /� F�

�� ��) �n=9 ��, ���� 1�2� ( ] /�11.[ 

 1� �� �� ���5� 1�2� �	- 1��� 	��z� ���	= < 1�@�� <�5i  F�

 � �� 1�@�� J�� �
L/ k�	���  �/��; ��] J��	=��= .�,�=

                                                             
1 Checker board 
2 Compliance 

i�S 1�@�� HG; 	= H��\� �2�	� <b	�� i��Z �= 1�@�� J��� �n=�� r

)10�� O�	D� ( .��, 

3 - # BC7 ��%&/E .&/� ���,�F ?���67 (�@ 5��3-

G��4& G(/' �E�H& �"  

1�@�� �/��; ��] J��D� A� �D= ) �n=�� r�S �56 ���D� <�	= (

1�@�� ��
L/ �� T��D� M�� 1� �/��; ��] �� ���5 �n=�� �5  <

)11 �����	= �� (�� :); �A�/ A� ���� .���, 

 1� :�	S� �� ��� ��Z 	�A �n=�� �� ���@�� �/��; ��] 	-� �

�� � �?� 1�@�� .��, 
  

 E=��� J�� �� ��  �  <�	= ���
/� �/��; ���]� x��	� �=

����	  � �?� � :); �� 1�@�� 1�	� ��� .@� �= � ��,�=  :); <�5

) �@G;�@G; � �?� � (3 )�� /� �= �BD  (  <�	= .����

 �A���/ ����8	�N .� �� 	�-� T�U�1000  �,��= ��
�,�� 1��@���

   �= �;	S �5��L= R�	S � �,�=8/0  HG;

 �BD     ��3�� ����� /� �= J�@5 �= � �

 �
P� x��	� �,�=. 

�8	N <   �� �
P� �� 1�@�� 1�	� � �?� � :); � ���Q� <�7>�

��� �= ��2� � �?� �A�/ �= �� :); �A�/ A� ���@�� ��5  � :); <�5

� �?� �� ����� �BD  < @5 I; �� �
P� �� �=�� .� km/ .��, �	3v	� 

�B���� ) (ER��� �= ) E=���) �@G; � �?� � :); <�513�14 �((

�� � �?� �8	N .��,  ��� /� �= 	3�� J�0= R	S .� �� �
P� �� �5

��� J�� �= � �?� � :); <�5 �� ��	�� ���> <  ����	  .��,BESO 

�� OP�
� �
P� �D� �	a� ���� HG; �= 1��/� 	= 1�7 � �� ��, ��

) ML= �� �� OP��4 -1�� ���� ��?�� 1� ���� �� (  �����	= ��,

.��,  

  

4 - ) (/��@ K1�� 5��3-PI(  

 � �5A	� ����P �= �A�/ ��N �� �� ����\� <�	= �	�B@] ^8�,

<��)-��= I�, ��� 1���� <�5 Q�) ���0= <�5 ���� i��Y
� (�B

�� ��	P ���Y
/� !/�� ����\� ������� ���= �	�B@] ^8�, .�	�-  <�5

 .� 1�-���-�B~�� �A�/ �� r�	S J��= s�,�= �
,�� �� ��8 <  <

���0= �A�/ 4�L
�� �= ��>�� <�5��
8�/ J�= �� ���\� J�	
0= �= <�PI  

�� ^L2�� 	5 <�	= �=�L
�� �	�B@] ^8�, J��	=��= .��	- ���D

���0=  M�� � �
L/ ���D� <�	= � �,�= {�=	� :�5 _=�� �= ���= <A�/

                                                             


�	7 �E�H& ?*6� 
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 ./� i��Y
�  

  

4 -1-  A�- ���3�  

) �n=�� i��Z �= �	�B@] ^8�, ��; J�� ��15�� 1��= (  ��,

 �@� .� ��=� �D=  1� �	�B@] ^8�, �� �;	S ./�@����  /�

�� �
 	�)� J�0= ���0� R	S 1���] �= ]��,20.[  

�8	N ����	  ��  �n=�� �� ��, O�	D� ���	3@5 ���D� �� �
P� <�

)16� �?� � :); ��� <�	= ���, �����	= (  J�0= R	S .� ����� <

�� /� �=  �n=�� J�� �� .���  �8	N �	�B@] <�n8i � F� 

=�2��� E/�� �� /� A�G� <�n8 �� J��D� R�	S ]��,24.[ 

 

4 -2- 
,D� ���3� 
���0= �B~�� A� :�5 ����� �= �>�� �=  ��; J�� �� <A�/=�2��� 

 �� HG; �;�� 	= �
L/ i��Z �= �	�B@] ^8�, �/� �
L/ <A�/

�� �
 	- 	a� �n=�� i��Z �= �� ��, ) <17 ���� 1�2� (  �;�� � ��,

 1�[N -1mm-4] �� ]�,�=24.[  

 ��C  �V  J�0= R	S HG; � J�3���� k���Bm��� :	D� x��	� �=

��  ^8�, J�	�X�= ��
L/ J�	�X�= �= R	S .� J��	=��= .��,�=

.���� 7�� �� �	�B@] 

1�@�� A� �5�	- �� �Z�8 ��; �� 1� A� ��� �
; ��) �5  �= (�5

� �
/��� ��S�8	N �  ����	  �A�/ ����, � �?� � :); ����
� <�5

�� R�	S � �	� �5��L� �S �� �B����  y	  �����  <�	= �� ���

��� � �?� � :); <�5 � < ���� /� �= J�0= R	S .� ����

	5.��2� �����	= ���	3@5 ���D� /� J�@� �� ��N  

  

5 - ����� ��%&/E �+�� 
���- .+�� �" 
���0= ����	  �/�A�/ �B���� <A �� �� �5  	�A I;�	� I�, �= 1���

:��@� �ZW8  

1 - H��\���	2  ���Q� <�7>� <��= �� �A�/ �;�	S ����� �@5 �� <�

.�5� M,��  

2 - <��)-��= �.���@��/ <A	� ���P ���@� T�@]� 1�@�� ���8 ��5  � �5

.�	�g 

3 - ���0= <�	= ���Y
/� ���� ���D� J��D�� M�� 9WU� �<A�/1  �� 7���

.�
L/  

4 - .�A�/ ���Q� <�7>� I�BQ�  

5 - �@5 <�	= �/��; ��] ��/�Q� 1�@�� <  ����D� r�S ��>�� <�5

)4) �� (10.(  

6 - �	- <�	= �/��; ��] ��/�Q� ) ����D� r�S ��>�� <�55.(  

7 - T��D
� �/��; ��] ��/�Q� �@5 <�	= ��, 1�@�� <  ��>�� <�5

) ����D� .@� �=6.(  

8 -  :);1�@�� ) �n=�� �� �� ���511�� ��Z (  1�	� � �?� � ����

1�@�� ��A� <�5A	� �� 1�@�� �n=�� �� ���5  ) <12�� �����	= �� (  .����  

9 - ) ����D� �� ���	3@5 ���D� 	-�16 �= J�0= R	S .� ��, �����	= (

�� /� ���0= ����	  � ���  �B;	� �= <A�/11 J�� 	�g �� �   �= i��Z

�B;	� �� <�D= .���  

10 -  J�0= R	S .� �= ��D� ��, ���8	= ���/�� ��; .� �= 	-�

�� <�D= �B;	� �= � ���/�  I;�	� i��Z J�� 	�g �� ����5  ��10  ��

�� ��	�� J�0= R	S .� �= 1��/�  .���,  

11 - ��� M��7 � ) E=��� r�S x��	� �= � �?� � :); <�513 � (

)14 I;�	� ��	�� � (4  ��9 �.	3�� J�0= R	S .� �= 1��/� �  

 �,�= ��8 HG; .� E\  1���� /� �= :�5 	-� X�= I;�	� ��

�� �/�	= HG; 1�@5 A� �D= ���	3@5 ���D�  M5�� w]�= J�� �� ��,

�� �;�	S ����	  1��A .��,  

  

6 - N�O� �"  

 y	  �= �QYZ �/ �<��0�2�� H
���3�� P� � ������ i��j� <�	=

�QYZ M�� � �� <� E��	, �= .�
/W��
/X� � .�
/X� ��; �

���� ���0= OB
L� �5�- �� <A�/ ���0= I@] .���,  J�� <�� 	= <A�/

8����� y	  �= ��� �OB
L� ��; �� �� i�QYZ   ���D�) M�� <A�/

 y	  �= <	3�� � �(T��D� M��=�2���  (�
L/ ���D�) �
L/ <A�/

�� F�G�� ���0= I@] .��, 	= 1�7 � <A�/  (�� �= ����> (��BESO 

 � �, � 	D� q��5 E/�� ��ESO �� F�G�� H5  	����� � 	
0= � ��,

�� ���� 1�2� (�� �� J�� �= ��� ���> (�� 1��=  I��� �= .��,

 1�@5 <�	= H5 J�0= R	S [��
� � ��, I�BQ� �A�/ A� �@�� �0�� �1��\�

��, ���� 1�2� �@�� �/ ���Q� <�7>� I�BQ� <�	= .��� A� �A

F	� ��7 �ANSYS 5.4]25���0= �� J
,�� <�	= � [ F	� A� <A�/ ��7 � 

Matlab6.5]26 ��, ���Y
/� [  I�BQ� <�	= ��, ���Y
/� 1�@�� ./�

 T�U� �/ 	5 �� ���Q� <�7>�Plane42  ��, �
 	- 	a� �� ./�  

 

6-1  N�O�1  

���0= ����	  T�U� J�� ��  E��	, �� �QYZ .� <�� <A�/

���� -) I�, �� 1� <��)-��= � �5�1 �= 1�@�� u�� � ���� ���8 � (

) T��> �� 1� ���Q� <�7>� I�BQ� <�	= �
 � ���1 ��, ���� 1�2� (

�� F�G�� .��, 
  

 N#��1-  N�O� �(�� P&)11  #2  

30 T���  q��� (E) [MPa]  

100  T��� �
L/  .�
/W� (Eh) [Pa]  

24/0  M��  H�B�� (σy) [MPa]  

0  � x�	? 1�/��ν  

 

���0=  � .�
/X� OB
L� ��; �� �� M�� � �
L/ ���D� �� �= <A�/

1
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V
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σ
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	2
���

�=
�

<
 

(�� .@� �= ����� �	3���@5 �
L/ ��� y	  �= .�
/W��
/X�  <�5

ESO  �BESO  �= ��� OB
L� ��; �� ��:); ���  � �?� �

] 1����22��� �= <	3�� � [  <�5 :);� �?� �  F�G�� OB
L� <

�� ��/� :�5 .��, �= ���0� HG; 130 ��; <�	= ����� HG; %

 �= � .�
/X�35 ./� .�
/W��
/X� ��; <�	= ����� HG; %

���� I�, �= 	3�� <�5  �� ERR=0.001 � 

ER=0.01 �� ��, �
 	- 	a� R	S [��
� .���  A� ���� /� �= <�5

��; � .�
/X� ���h� <�	= OB
L� <�5  �� x��	� �= .�
/W��
/X�  
  

  

 Q�1-  N�O� Q� ��,1��1  

I�,  <�52  �3 ��, ���� 1�2� T��> �� .���  <�52  �3 =�2���  �M��

 :�5 HG; �=) J�0= R	S �= 1��/� <�	= FAX 1��A � �	�B@] ^8�,

/X� � .�
/X� ��; <�	= x��	� �= (���	� J���� �� ����� .�
/W��


����\� A� ./� ��, I�, <  � .�
/X� (�� �� 	5 �� �5

 /� �= [��
� �� /���� .�
/W��
/X�  	5 �� <	5�� ��Q� A� ����

����\� �= .��
�5 H5 ���, ���D� �� 	5 � (�� �/ T��> ���]� <  �5

��  J�0= R	S �.�
/W��
/X� � .�
/X� ��; �� 	5 <�	= �� H���=

�=  (�� �� ���� /�BESO  �=��� <�5 � �?� � :);  �= i��Y
� <

 1��= 	
2�= �T��D� M�� ���D� �� �	�B@] ^8�, 1��= 	
@� I���

 1��= 	
@� � �
L/ ���D� �� �	�B@] ^8�,=�2���  �� 	5 �� M��

�� 	
0= 	3�� (�� �� A� ���D�  F�G�� <�	= FAX 1��A 1��= H� .�,�=

���0= ����	   <A�/ ����	  �� �
��; �= ��� (�� J�� ��BESO  �=

��� <�5 � �?� � :);  ��	= ���= 1���� <  ./� �a;W� I=�P ��,

 �T��D� M�� ���D� y	  �= .�
/X� ��; �� 9WU�=�2���  � M��

 (�� �� �
��; �� �	�B@] ^8�,BESO  �=��� <�5  � :);

� �?�  F�G�� i��Y
� < ��  x���	� �= ��,MPa6373/0 �1+E1003/0 

 	�����\�� J��� �� �/��	=< 
��; J�� �� ��0
���  y	  1����

��  (�� � ���,ESO  x��	� �=MPa6393/0 �1+E1006/0  �

MPa6801/0 �1+E2018/0 /� �=  ���� �� 1�2� �� ���  �5�=�2��� 

 �� 	3�� (�� �� 	5 A� ���> H
���3�� �� �	�B@] ^8�, � M��

/� <	
0= �D?�.  
  

 

  

R4& -3 -  S#�ESO R4& -2 -  S#�BESO  #

BC7 ?*6�  �E�H& #

T#��,� 

R4& - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

R4& - G# N(�3� A�- ���3� U6�� 

   

V -3 -  S#�ESO V -2 -  S#�BESO  #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�2- Q� N�O� ��,�W& ?4�7 �( 5��� .�"1  

 
 

  
R4& -3 -  S#�ESO R4& -2 -  S#�BESO  #

BC7 ?*6�  �E�H& #

T#��,� 

R4& - 1 - S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

R4& - G# N(�3� A�- ���3� U6�� 

   

V -3 -  S#�ESO V -2 -  S#� BESO #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�3- Q�  N�O� ��,�X�),�W& ?4�7 �( 5��� .�"1 

  

R	S J�� �= 1��/� <�	= FAX 1��A  x��	� �= (�� �/ J�� �� �5

480 �900  �420 �� ����j �� �� �,�=  1��A i��  	- �G�
� 1���

 (�� Oh� ���; ���> (�� �� FAXBESO ); x��	? �= � :

� �?�  ����	  �� FAX 1��A �N	-� �/� 1���� <ESO  (�� A� 	
@�

�� 	
2�= P� �= ��� /� ���> <��0�2��  �� ��� 1���=�2���  M��

 (�� �� 	5 A� 1� �	�B@] ^8�, � BESO �=)��� <�5  � :);

.���� ��	P <	��= �D?� �� (i��Y
� � 1���� � �?�  

  

6-2- N�O�2   

 �� T�U� J�� ��) I�, �� 1� ��
8�/4 1�@5 A� ���, ���� 1�2� (

) T�U� ���81(�� F�@� �/� ��, ���Y
/� ( ) T�U� <�51 �G��� �� (

R	S [��
� � ��, T�@]� 7��  � .�
/X� ��; �� <�	= J�0= <�5

I�, �� OB
L� ���D� �� �= .�
/W��
/X� ) <�55) � (6 ���� 1�2� (

 ��,  .���:W8	= �� �B�P T�U� ��; �� J�0= R	S [��
�  .�
/X� <�5

 ��Q� A� [��
� �G��� �� ���
,�� �	  H5 �= 9W��� .�
/W��
/X� �

 .�
/X� ��; �� 	5 �� ���0� HG; .��
�5 H5 ���, 9���	\� <	5��

 .�
/W��
/X� �35 % ������ HG;��� <�5  �� �?� � :);=�2��� 

 x��	� �= �B���� x�	? � A�G� <�n89/0  �3/0  �001/0  �01/0  ��

20 
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 �
 	-	a� ��, ���0= [��
� .��� T��> �� <A�/ ) <�54) � (5 ����� (

��, ����\� �= .��� T��> ���]� <  �� �	�B@] ^8�, 1��= 	
@� ��5

 �
L/ ���D� �� �	�B@] ^8�, 1��= 	
2�= �T��D� M�� ���D� �

	
@�  1��==�2���  (�� �� �= ��� ���> (�� �� M����	3 ��  	5

�� ��5�2� ���D� �� ���D� y	  �= .�
/W��
/X� ��; �� 9WU� .��,

 �N	-� �
L/���2�=  �= 1���� (�� �/ 	5 <�	= J�0= R	S �� M��

 �	�B@] ^8�, ��� ���� /�1��A �  J�� �= 1��/� <�	= FAX

R	S   x��	� �= ���> (�� �� �53 -E9050/0 � S 2340 (�� �� �

BESO  �=��� <�5 � �?� � :); x��	� �= 1���� <3 -E8912/0  �

S4860  (�� �� �ESO  x��	� �=3 -E5335/0  �S1800 /� �=  

����  	
2�= 	3�� (�� �� 	5 A� ���> H
���3�� �� �	�B@] ^8�, .���

R	S J�� �= 1��/� <�	= FAX 1��A �   ��; Oh� 9���	\�BESO  �=

���<�5 � �?� � :); ./� 1���� <  

  

 
 Q�4- N�O� Q� ��,1��2  

  

 N#��2-  N�O� ��,�W& ?4�7 �( 5��� Y/Z [%�,�1 

 

 M��

=�2��� 

]MPa[ 

 ^8�,

�	�B@] 

 1��A

]S[ 

 ���D�

M�� 

(�� 

BESO 

 ���

:);  �

 � �?�

1���� 

6393/0 1006/0 E+1 900 

 ���

 � :);

 � �?�

i��Y
� 

6373/0 1003/0 E+1 480 

�(� ESO 7701/0 2018/0 E+1 420 

 ���D�

�
L/ 

(�� 
BESO 

 ���

 � :);

 � �?�

1���� 

6509/0 7408/0 E-3 1800 

 ���

 � :);

 � �?�

i��Y
� 

6452/0 7415/0 E-3 900 

(�� ESO 6853/0 9407/0 E-3 780 

  

  

6-3-  N�O�3  

�QYZ <��� ���8 � �DP�� ) I��, �� x��	� �= T�U� J�� <7 (

) T���> �6 ( {�=	� <��] � <��
8�/ [����
� ./� ���, ���� 1�2�

���0= (�� �/ F�G�� �= ��; �� <A�/  x��	� �= OB
L� <�5���D� � �5

I�, �� ) <�58) � (9T��> � ( ) <�57) � (8 ��, ����� (  HG; ./�

=�j � ���0� ) T�U� �=�2� H
���3�� <�52��, y	  ( ����\� �= .���  <

��� �T��> ���]��= ��� ���> H
���3�� 1��= 	����� 	3�� T�U� �� ��  

  

 N#��3-  ?4�7 �( 5��� Y/Z [%�,���,�X�),�W&  N�O�1 

 

 M��

=�2��� 

]MPa[ 

 ^8�,

�	�B@] 
 1��A]S[ 

 ���D�

M�� 

(�� 

BESO 

 ���

:);  �

 � �?�

1���� 

24/0 1029/0 E+1 900 

 ���

 � :);

 � �?�

i��Y
� 

24/0 1004/0 E+1 420 

(�� ESO 24/0 3230/0 E+1 420 

 ���D�

�
L/ 

(�� 

BESO 

 ���

 � :);

 � �?�

1���� 

24/0 6109/0 E-3 600 

 ���

 � :);

 � �?�

i��Y
� 

24/0 6147/0 E-3 120 

(�� ESO 24/0 3031/0 E-3 540 

  

   

R4& -3 -  S#�ESO R4& -2 -  S#�BESO 

 #BC7 ?*6�  �E�H& #

T#��,� 

R4& - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

R4& - G# N(�3� A�- ���3� U6�� 

   

V -3 -  S#�ESO V -2 -  S#�BESO  #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�5- Q� N�O� ��,�W& ?4�7 �( 5��� .�"2  
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R4& -3 -  S#�ESO R4& -2 -  S#�BESO 

 #BC7 ?*6� #  �E�H&

T#��,� 

R4& - 1 -  S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

R4& - G# N(�3� A�- ���3� U6�� 
   

V -3 -  S#�ESO V -2 -  S#� BESO #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�6- Q�  N�O� ��,�X�),�W& ?4�7 �( 5��� .�"2 

  

�� N#4-  N�O� ��,�W& ?4�7 �( 5��� Y/Z [%�,�2  

 

 M��

=�2��� 

]MPa[ 

 ^8�,

�	�B@] 

1��A 

]S[ 

 ���D�

M�� 

(�� 

BESO 

 ���

:);  �

 � �?�

1���� 

4422/0 1179/0 E+1 1860 

 ���

:);  �

 � �?�

i��Y
� 

4390/0 1163/0 E+1 920 

(�� ESO 6538/0 3979/0 E+1 600 

 ���D�

�
L/ 

(�� 

BESO 

 ���

);:  �

 � �?�

1���� 

5623/0 3195/0 E-4 4260 

 ���

:);  �

 � �?�

i��Y
� 

5583/0 3220/0 E-4 2100 

(�� ESO 6923/0 2126/0 E-3 1200 
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 ��
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MPa9514/0 �3 -E3215/0  �S2400  (�� �� �ESO  x��	� �=

MPa3421/1 �4 -E3493/0  �S840 /� �=  ����  ��; J�� <�	= .���

 ���; ���> H
���3�� �� �	�B@] ^8�,5  (�� 	=�	=BESO  �=

��� <�5 � �?� � :);  � 1���� <48  (�� 	=�	=ESO /�.  1��A

R	S J�� �= 1��/� <�	= FAX   ���; ���> (�� �� �58/0  (��

BESO  �=��� <�5 � �?� � :);  J�= A� H�5��L= 	-� ./� 1���� <

 �� ��X�= �	�B@] ^8�, �H� 1��A 	= ��W] �� �;	S �R	S �/ J��

 �H��� 4�L
�� �,�= �
,�� �= ./� J�	
0= ���> (�� �� J�0= R	S

 ^8�, �M�� ���D� � .�
/W��
/X� ��; �� �	3�� T�U� 1���]

R	S J�� �= 1��/� <�	= 1��A � �	�B@]   x��	� �= ���> (�� �� �5

1+E2112/0  �S960 (�� �� �BESO  �=��� <�5 � �?� � :);  <

x��	� �= 1���� 1+E2326/0  �S2100  (�� �ESO  �= x��	�

1+E5416/0  �S720 /� �=  ����  H
���3�� �� �	�B@] ^8�, .���

 (�� Oh� ���; ���>ESO  Oh� ���; (�� J�� �� FAX 1��A �

 ��;BESO  �=��� <�5 � �?� � :);  1��A �N	-� ./� 1���� <

 ����	  �� FAXESO  ��� /� ���> (�� A� 	
@�=�2���  � M��

� 	5 A� 1� �	�B@] ^8�, (�� �BESO ./� 	
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 � �?�
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 � :);

 � �?�

i��Y
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24/0 1220/0 E+1 1260 
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�
L/ 

(�� 
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 � :);

 � �?�

1���� 

24/0 8912/0 E-3 4860 
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 � :);

 � �?�

i��Y
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24/0 9050/0 E-2 2340 

(�� ESO 24/0 5335/0 E-4 1800 
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 N#��6-  N�O� �(�� P&)13  

180  q��� T���  (E) [MPa]  

100  T��� .�
/W� �
L/  (Eh) [Pa]  

36/0  H�B�� M��  (σy) [MPa]  

0  1�/��� x�	? ( )  

  

  

   

R4& -3 -  S#�ESO R4& -2 -  S#�BESO 

 #BC7 ?*6�  #

T#��,� �E�H& 

4&R - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

R4& - G# N(�3� A�- ���3� U6�� 

   

V -3 -  S#�ESO V -2 -  S#�BESO  #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#�BESO  #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�8- Q�  N�O� ��,�W& ?4�7 �( 5��� .�"3 
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 #BC7 ?*6�  �E�H& #

T#��,� 

R4& - 1 -  S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

R4& - N(�3� A�- ���3� G# U6�� 
   

V -3 -  S#�ESO V -2 -  S#� BESO #

BC7 ?*6�  �E�H& #

T#��,� 

V - 1 -  S#� BESO #

BC7 ?*6�  �E�H& #

G�6% 

V - 
,D� ���3� 

 Q�9- Q�  N�O� ��,�X�),�W& ?4�7 �( 5��� .�"3  
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1��A 
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 ���D�

M�� 
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 � �?�

1���� 

8924/0 2312/0 E+1 2700 

 ���

:);  �

 � �?�

i��Y
� 

8278/0 2292/0 E+1 1440 
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 ���D�

�
L/ 
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 ���
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 � �?�

i��Y
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9103/0 1700/0 E-2 1920 
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M�� 
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BESO 

 ���

:);  �

 � �?�

1���� 
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 ���

 � :);

 � �?�

i��Y
� 
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�
L/ 
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 � :);

 � �?�

1���� 

36/0 1215/0 E-2 3420 

 ���

 � :);

 � �?�

i��Y
� 

36/0 1180/0 E-1 1560 

(�� ESO 36/0 4935/0 E-3 600 
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R	S �= �>�� �= T�U� �� J�0= <�5 (�� �= ��, F�G�� <�5  <�5

ESO  �BESO �� �� �� 	5 �� J�0= [��
� ��N 	5 ��  	- �G�
� 1�

 H5 �=�2� M�= � H� <	5�� ��Q� A� �(�� �/ �= �
L/ � M�� ���D�

 ���\� ��� ��
�5=�2���  ����	  �� �
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� <
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/W��
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/W��
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