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 8�9
�� �:;�� <- 3�	= �>�?�� ����� �= @��A� 5����	7 (�� B�9?� C�� ����	7��  ��, C�DE� � ���F���	7�� � G�0�� 0� ���H
/� �= 5��0 �= �
�=�� 6� 3��
���� 	�I�� C��JD+ .
/� �
 	7 ��	> ���H
/� ���� �LM���� �/��+ 6� �� �N9� �= L��- OP��F� .
/� ��, �/�	= ����� ���Q� R��S 3�� 	= ���A��� 3�+

��, <- ���?� <T�H� (�� 0� ���H
/�(�� ����� C�� <- 3�	= .��� � ���DU O�V
E� 3�+B.F.C  �
 	7 ��	> ���H
/� ���� LM���� ��-�� (�� C�� �� .���
 ���A�  �?HW ��(r, z)  ����/�?� �?HW �� <�N
�� 6� �=( )ηξ , �� <����8��	  .��,�� � 
/� �:� ��, �X��� 3��= <X��� <- 3�	= �����Y��/� 

��	7��  ���F���-�� 	+ 3���= �,�= <�N
�� 6� �= <���� <=�> �� 3��, �
 	7 �����= Z��
� .�� 5�2� �� ��, �X��� (�� 3P�= 
>� ���� 
/� .��+�
���� 	7� �
- C��JD+ �:DS 0� .
/� ��, <- 3��?� 5��9
� 
��- �� ����� .
/� �����[	= �=�[ 3������ 0� ��, �X��� (�� ��,�= A��� 3���� 3���� 3�+
�� 8�� C�� 3�+�	=���L
��/ �-�	\ �� 5� �	=��� �= 5����+ .�	� ���,� ����	- ] �?� 3  

�D34 ,���E ,�7:  ��, �@��A� 5����	7 (����	7�� ���� �5��0 �= �
�=�����DU O�V
E� (�� �LM���� �/��+ �3��?� 5��9
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Abstract 
In this paper, the conjugate gradient method, coupled with the adjoint problem, is used in order to solve the inverse heat conduction 
problem and estimation of the time-dependent heat flux, using temperature distribution at a point in a non homogenous geometry. 
Also, the effect of noisy data on the final solution is studied. The numerical solution of the governing equations is obtained by 
employing a finite-difference technique. For solving this problem, the general coordinate method and body fitted coordinate method 
are used. The irregular region in the physical domain (r,z) is transformed into a rectangle in the computational domain (ξ,η). The 
present formulation is general and can be applied to the solution of boundary inverse heat conduction problems over any region that 
can be mapped into a rectangle. The obtained results show the good accuracy of the presented method. Also, the solutions have good 
stability even if the input data includes noise. The problem is solved in an axisymmetric case. Applications of this model is in the 
thermal protect systems (t.p.s.). 
Keywords: Conjugate gradient method, Time-dependent heat flux, Noisy data, Axisymmetric, non homogenous geometry, 
General coordinate method. 

 
  

1 -  ���+�  

 <X�������	7 Y��/�       6^� �^:[�� _�^9� �� �^�� C�^�F� �= L�9
��
��-��� ����0  30	^� � �^���� `��	, ��    3�^�	7 ����A� �^�	� a��^[ �

 ��, �� ��, ���������	7 �� _�=	� ��
�+ bE2���,[1].  
 �^̂ = �^̂���9� ��<X�^̂�� L�9
^̂���  <X�^̂��3�^̂�	7 Y��^̂/� ��^̂�F� 

(IHCP)   O��^W �=  � `��	^, C�^DE�     ����^� a��^[ �30	^� � �^���
O.DS          3�^�� G^�0�� �^= �^S�� �^= L��^- OP��^F� � ��^g �� �D2g
�0��^̂ ��    h^̂ �	F� �L^̂�S <^̂[�� �^̂N9� �^̂�g �^̂ � 6^̂ � �� ��^̂, 3	^̂�7

�� ���,[2] .    <�^2� �^:�[ ��^�F� <X�^�� <-    <X�^�� <^- 0� 	^�
�� _�=	� <- 3�������� �= �� 
/� L�9
�� 	M� 0� <X��� C�� � ��,

= <X��� �T����� ������ L�[��+� �� .���,    
 	^2�� �^= 	^�[� 3�+
�+	���i���� (���:� ��F� ���F� 3�+    8�^9
�� <X�^�� <^- 0� 3	�

��	� ���� O��	-LQ� 8�j� 5���U �= .���   <X�^�� <^- 3�+�	=��� C�	�
 �^�	7 Y��/�3    <��^, ���^�F�   6^�[ �^���	  8	^
��   k�A^S� 3��^�

�^̂��	
����  �� 6^̂�[ 
^̂S 5�^̂�	S 
U	^̂/ C�^̂DE� �^̂���	  �� ��^̂�
C�,�� 
E/ �� 3���3���    � l^��> m	
^2� <^V  �� `��	, C��F� �

 �� R�)�����	 �
E�� 3�+3������� � 3	7[3]  ��^, C�DE� � ���^�	7 
     6^� oN^/ 5��� �^� �^
 	7 ��	> Y�� p	F� �� �� 3����� oN/ ��
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r�	
-� �MH?�[4]  �� �-�N/ �� C��JD+ �7���,�� � �� r�H��-

�N/ �� �� �
 �   �^� r�^H�� R�s �^���	  �� �- �^
 �[5]  �^� ��^, 0� .
	1�� 3�+�	=���  IHCP��Y�� �= 5���    �^:[�� ����^�� 3�^�� ���=

��
��� 6�  C�^�F� � ��^/����  �^�	7��      6^� �S��^[ oN^/ `��	^, �
8�� � ���� ��	> 
27	= 0�  �� �� �D���t   G^�0�� 30�/ �^��    ��^, �^�

��	7��      � ��^� �^FN> � ��A^=� m	
^2� <^V  �� C�^,�� �  (	^=[6]  �
�	� ���,� 3��� 6�[ 8	
�� �� C��JD+[7].  

(�� <- 3�	= �H:
E� 3�+ <X���  �^�	7 Y��^/�3    ��^S� ��^�F�
(�� C�� 0� �tF= .����C�� �� �+�� 
/	Q  �S8�j� 5���U �= .���, �

 (�� ��.�P <���� (�� �<��+�� 8�	1
�� ���F� �B�>� <- (��
 �8	
�� L4-�F� 0� ���H
/�A��QD:+ ��� ����?� <T�H� (�� l�	9� �
����?� k�AS�  (�� �w��E�� L�M�� (�� �8�
�4�� 30�/	
:�  (��

@��A� 5����	7 (�� �h��H��� ��	�� L�M��[8] (�� �   �� .	^1�� 3�^+
   ���^�= �^,�� �� �>�?�� ����� �= @��A� 5����	7 (�� 0� B�9?� C��

 <X��� <- �� ��D���>��	7 Y��/�3  ̂/� ���F�   ��^, ���H
^/� �

�� O��W ��	�� �/�	� 8�\ �� L�M�� <DU (�� C�� �� .
/� �	^�7 

C��	=��= �� ���Q= L�M�� `��	, C��F�
��� 0��� ���� �[4].  
5����D+ � x���S [9]  ��,��	7��      3�� �^� 5�^�0 �^= �
^�=�� 30	�

�� 8�DU� �:�� 6� (�� 0� ���H
/� �= �� �,   ���^�� �^= @��A� 5����	7
>�?��� �=      3�	^= 	H^W �^��	� w�^�E�� L�^M�� (�� 0� � ������ 
/�

5� .���	� ���H
/� ���F� <- 5�	� ������ ���?� <T�H� (�� 0� �+
.���	� ���H
/� ��[ 	M� ���� ����� <- 3�	=  

5����D+ � Cg 3��7 5�/ [14]   ��^�F� (�� 0� ���H
^/� �^=�   G^�0��
 ��, � �����	7�� �= 3��� 
E/ ����	  �� ���  5� .�^����� 
^/  0� �^+

 ��, � ��� C�DE� ���Q= 3�	= @��A� 5����	7 (����	7��   6^� 3�	=
����
/� O�V
E� �� 3�F= �� �����  0� ���H
^/� �= � ���	� ���H
/� 3�

���?� k�AS� (��� .���	� <- �� L��- OP��F�  
C�	� � ��� ��.�[18] 8�� 0� ���H
/�  3�+3��	7 Y��/�  ���F�

� ��M�� �= ��, C�DE��	7��  R�s ��4� �� �1:/��	
��� �� ��)7
��, �� ��� ��	> �/�	= ���� �� (�� �/ ��[ B�9?� �� �Q�� .��

 8�9
��3��	7 	=��� 5���� 
QS �� ���F� �/�	= ���� 
F�W �� �
��� ��	>.��  
 � �/5����D+[19]  ��, C�DE� 
QS ���F� �:;����	7��  ������

3�� L:�  5�F�� �:;�� �� oN/ 6�  ��	> �/�	= ���� �� 3��DU
� ���F� (�� .����� y	  ���� �� �W�[ �����9� O�U.\� �+ 5

����� 0��� �� 8�Q4� 	���9� �F=�� .  
5��D�	� � ����[[20]  ��, ��[ B�9?� ����	7��  ��, R)S

��H
/� �= �� ����+�� oN/ `/���	� C��F� ����� 3�+ ���� 0� � .��
6� ��[ ��� �� �Q��   ��, 	1�-��	7�� ?� �/�	= 3�	= ���/ 
����

�	� ��Q�2�� ���D
-� 3�+��  ��� 3�+ ���� 0� ���H
/� �= C��JD+.
 ��, R)S O��	- �� ���	� �X��� 3z	�� ����F� 0� ���F� <- 6�

.���� ��/�?� �� ����+�� oN/ `/��   
5����D+ � 6= ]21 [   ��^, C�DE� 
QS �� ���F��N� �^�	7��   	^= ����

N/      5� .�^���� �^X�� ���^�F� (�� 0� ���H
^/� �^= �L^�S 6� o  0� �^+
    ���H
^/� ��^[ O��^/�?� 3�	= L�S <[�� ��, 3	�7 �0���� 3�+���

  .���	�  

 ����]22[    L^+ ���^/��, 3�	= �� 3��	��+ (�� 6�  5�^�0  �����^/�
����	7  ����� 6� �� ����	7 
� 	{ ���	7 Y��/�3    �^X�� ��^�F�

� ����	� �� (�� .���(�� 0   O�����^� |	���^� � 6�
�z L
���1�� 3�+
  .��=  

5����D+ � 5���D?�]23[  ��,��	7��     �^= �� 5�^�0 �^= �
�=�� 8�Q4�
     5�  .�^��0 C�^DE� �^N9� 6^� 3�^�� G�0�� 0� ���H
/�    <^- 3�	^= �^+

.���	� ���H
/� ���?� <T�H� (�� 0� L��- OP��F�  
 5���^̂�D+ � 3�^̂�]24[  (�� 6^̂��^̂�	7 Y��^̂/�3  ��^̂�F� 3�	^̂= ��

    ��^̂ , ���^̂ �� � ���^̂ �0 O�	^̂ ��}� 5�0 C�^̂ DE��^̂ �	7��  �^̂ ���	  ��
~���/ �= oN/ 6� 3���5� .���	= ���   ��^, 3	^�7 �0���� 3�+��� 0� �+

<�����	� `/��    ���H
^/� ��^���= ��^, ���� ��	> L�S <[�� �� ���+
        <^- ���^?� 3�A^S� (�� 0� ���H
^/� �^= �� L��^- OP��^F� � ���	�

.���	�  
  �D�-� 5����D+ �]25[        �^= �� 5�^�0 �^= �
^�=�� �^���	- G^��� 5���

      C�^DE� �^�P �^/ L
^��/ 6^� �� �N9� 6� 3��� G�0�� 0� ���H
/�
5� .���0(�� 0� �+       <^- 3�	^= ���^?� L^4- � ���^?� <^T�H� 3�+

.���	� ���H
/� L��- OP��F�  
   5���^̂ �D+ � 5���^̂ D?�]26[    3�	^̂ = �� G=�^̂ � ����^̂ 
� C�^̂ DE� (��

�, ���/��, ���	7�� �= 	�)� ��A4� ���� ����, ��FV� 3�+0	� �� ���
5� .���	=Y�� 3�	= �� ���F� ����� 6� �+  `��	^, ���= ���^�	7  ��

.���	� <- oN/  
  5����D+ � 5���D?�]27[    ��N^/ 3�	^= �� G=�� ����
� C�DE� (��

�= ����,�� 5� .���	= ���    ��^, ��^/�?� 3�	^= ���F� (�� 6� 0� �+
��	7�� .���	� ���H
/� m	?
� m	
2� <V  ��  

 5���^̂�D+ � ��]28[  5�^̂���	7 (�� 3�^̂��� 	^̂= �� �^̂/��F� L
���^̂1��
 ����� <- 3�	= @��A���	7 Y��/�3  ��, C�DE� � 3����)+��	7�� 

  �^= ����
^/� 6� 3�� 	= 8�Q4�      �0��^�� 3�^+��� 0� ���H
^/� �^= 
^��Q�
�= L�S <[�� ��, 3	�7.���	= ���  

B�9?� C�� ��  0�@��A� 5�����	7 (��    �>�^?�� �:;^�� �^=    <^- 3�	^=
��;�: 3��	7 Y��/� ����F� ��, C��F�  �^�	7��     �^= �
^�=�� �30	^�

5��0  �� ��, ���� 3��� G�0�� �= �S�� �= �^N9� 6�    �^/��+ 6^� ��
 LM���� ���H
/�
/� ��,3��?� 5��9
� 
��- �� ����� .<- �   ��^,


/� .   ���^�� <^- 3�	=  O�^V
E� (�� 0� ���^DU  (�� � B.F.C 

(Body Fitted Coordinate Method)      .
^/� ��^, ���H
^/�
        ��^, <^- ���^?� <^T�H� (�� 0� ���H
^/� �^= L��^- OP��^F�  .�^��

���� �= 
��� ����� 
�/��-   �^
 	7 ��	^> �/�	= ���� ����A��� 3�+
�= Z��
� .
/��� 5�2� ���� 
/�    3���^��� 0� 	^T�- (�� �^� ��+�

�= 
��� �=�[ ����3�+   .
/� �����[	= ���A���  
  

2- G/�';��H2� ,���  

2 -1- 5�+12� �I�2�  

 �/��+ <�, �� �����)1 .
/� ��, ���� 5�2� (5�D+ �� �� ��\
 
/� bE2� <�, ��,��	7��  ��, 8�DU� ��P�= 0	� 3�� 8�Q4�

 ��, p	F� �� 
/�� 
D/ 0	� .
/���	7��  
=�Iq0  �� � ���� ��	>
��U 	1�� 0	�.��� ��, �
 	7 	M� �� B  ��/�?� w�+��	7��  8�Q4�

q(t) 5��0 O�� ��ftt ≤≤0 ��, ���� 3��� G�0�� �= �S�� �= �
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�� �N9� 6� ���,�= �� 3���� 3�+ ���� .��,�= A��� 3���� ������ ��
 ���DU O�V
E� (�� 0� ���� G�0�� ��/�?� �= _�=	� �� C����


/� ��, ���H
/��� ����/�?� �?HW �� O��/�?� �(�� C�� �� .  �=
� <�N
�� 6� <�, �� y�4�� 
/� ���D+ 3� ���, 3���� � ��,

 �� ���A�  �?HW �� Z��
� �i/P�DF�  3	
2�= �7��J�� 3����
���� �� Y��D� �= �,�=.���  30	� `��	, � ����/�?� �?HW

) <�, �� �\�=	�2��, ���� Y��D� (.���  
  

  
J
�1 -  >�9A/� 4 �I�2� ����7'K2B  

  

  
J
�2-  ����7
%�@���� �� ! �) �I�2�  

  

3- 5E�B LM)�9�  

 8�9
�� ����F� L��- ����F���	7      �^= 3� ����
^/� O�^V
E� ��1
^/� ��
�= �� �,�= �� 3��?� 5��9� p	 
/� ��, h�W�� 	�0 O��W:  

t

T

k

C

z

T

r

T

rr

T P

∂
∂=

∂
∂+

∂
∂+

∂
∂ ρ

2

2

2

2 1 )1( 

3-1- 3 5E�B �I)�9� J&�@%   �� N! �N� 

&O�; �� ! .


%�@����  

   y�� �^��	� � 8�� �^��	� �XAS O�9
2� ���D� 	�0 `=��� 0� ���H
/� �=
 �
�=�� 	�}
�T    �^� <^9
�� ����^/�?� 3�t  �= ���A�  3�t  0�-

.��,  

r

T

r

T

r

T

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ η

η
ξ

ξ
 )2( 

z

T

z

T

z

T

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ η

η
ξ

ξ
 )3( 

)()(

)(2)()(

2

2
2

2

2

2
2

2

2

η
η

η
η

ξη
ξη

ξ
ξ

ξ
ξ

∂
∂+

∂
∂

+
∂∂

∂+
∂
∂+

∂
∂=

∂
∂

TT

TTT

r

T

rrr

rrrrr 
)4( 

)()(

)(2)()(

2

2
2

2

2

2
2

2

2

η
η

η
η

ξη
ξη

ξ
ξ

ξ
ξ

∂
∂+

∂
∂

+
∂∂

∂
+

∂
∂

+
∂
∂

=
∂
∂

TT

TTT

z

T

zzz

zzzzz 
)5( 

) `=��� GDS �=4) � (5:L���� (  

( ) ( )

)()(2)(
2

2
2

2

2

2
2

2

2

2

2

η
η

ξη
ξη

ξ
ξ

η
ηη

ξ
ξξ

∂
∂

+
∂∂

∂
+

∂
∂

+








∂
∂

++








∂
∂

+=
∂
∂

+
∂
∂

TTT

TT

r

T

z

T

rrrr

zzrrzzrr

)()(2)(
2

2
2

2

2

2
2

η
η

ξη
ξη

ξ
ξ

∂
∂+

∂∂
∂+

∂
∂+ TTT

zzzz
 

)6( 

ηηξηξηξηξ

ηξηη
ξξ

∂
∂

∂∂
∂

∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂










∂
∂

+
∂
∂

=+

zrrrzz

J

rz

zrzr

J
zzrr

2

22

2

2

2
22

2

)((
||

2
)

()()(
||

1

)

()()(
||

1
)

2

2

2

2
22

2

2

ηη

ηηηηηηξ

∂
∂

∂
∂

−
∂
∂

∂
∂










∂
∂+

∂
∂+

∂
∂

∂∂
∂−

rz

zrrz

J

rz
 

)7( 

−
∂
∂

∂∂
∂

∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂










∂
∂

+
∂
∂

=+

ξηξηξηξξξ

ξξηη
ηη

rzrrzz

J

zr

rzr

J

z

zzrr

2

22

2

2

2
22

2

)((
||

2
)

()()(
||

1

)

()()(
||

1
)

2

2

2

2
22

2

2

ξη

ξξξξηηξ

∂
∂

∂
∂−

∂
∂

∂
∂










∂
∂+

∂
∂+

∂
∂

∂∂
∂

zr

rzrz

J

zr
 

)8( 

 �r�  `=��� �� J�=���S  ��� <��^��  �^� ��^� ��^,  �^= �    	^�0 O��^W
�� ��/�?�:��	7  

ηξηξ zrrzJ −= )9( 

3-2- ,.'� P&3'�  

�= �:� 
��- �� ����� 30	� `��	,�� 	�0 O��W�,�= :  

k

q

n

T =
∂
∂ )10( 

��q 0	� 0� �tF= �� �+ (�g 
D/ 0	� � C���� 0	�)�� 	HW.�,�=  
��� ��r�  `=n  �^� oN/ 	= ��DU ���	= �^,�= � r    0� 3��^DU �:^W� 
 ��?�z 
/� . 3�+	�}
�ξη,     3��^DU � �^9 � 3�^+��?� l��	� �=

��
�+ ����/�?� �?HW ��.  
 3��DU B
2�T  _�N[ ���
�� ��ξ  � 
=�Iη    0� ���H
^/� �^= 
=�I

�= 	�0 `=����� 
/�����]17�16 [:  

( )ηξξ βα
α

TT
Jn

T
c

−=
∂
∂

=
2

1

1 )11( 

( )ηξη γβ
γ

TT
Jn

T
c

+−=
∂
∂

=
2

1

1 )12( 

 r�  `=��� �� ��α �β  �γ �=�� ��/�?� 	�0 O��W:���,  
22

ηηα rz += )13( 

ηξηξβ rrzz +=  )14( 



 

 

 ��
, 

C
�D

E�
��	

7
�

�
 

�N
9� 

6
� 3

���
 G

�0�
� �

= �
S�

� �
= 5

��0
 �

= �

�

=��
 … 

30 

22
ξξγ rz += )15( 

�= ����/�?� �?HW �� 30	� `��	, C��	=��= ���� Y��D� 	�0 O��W
��:���,  

0,0 >= tξ                    ( ) 0
1

2
1

=− ηξ βα
α

TT
J

 
)16( 

0,max >= tξξ               ( ) 0
2

1
qTT

J

k =− ηξ βα
α

 
)17( 

0,0 >= tη              ( ) 0
1

2
1

=+− ηξ γβ
γ

TT
J

 
)18( 

( ) )(
2

1
tqTT

J

k =+− ηξ γβ
γ 

)19( 

 <�, B=�N�)1(  �D�S  ��S 0��P�      <�^, �^= 5� O�^VE2� ��









===

km

w
k

kkg

J
C

m

kg
P .

20,
.

500,7800
3

ρ 	^̂ ^^^^^M��� ��

�� �L�	�7  ����� 3���k�300  �
^/�  ̂� ���^, �� ���H
^/� ���   <^-
 
�F>�� � �����	1�- <�, �� 1   .
/� ��, ���� 5�2�  

  

4- 8/
9� �I�2�  
��, ���F� �:;����, ����0 O�	��}� C�DE� < ��	7��  0� ���H
/� �=

 6� 3�� 0� ��, �����[ 3��)7 3�+���	1�-  .
/� ���F� �:;��
) �N=�� �� ��, <- ����W �= ���=20.��, <>��- (  

( )[ ] ( ) ( )[ ] dttYqtTtqS
ft

t

NS

m
mmm∫ ∑

= =

−=
0 1

2;,,
2

1 ηξ )20( 

  
�r�  �N=�� ��( )qtT mm ;,,ηξ � ( )tYm

  �=  C�^DE� 3�+��� l��	�

� ��
�+ ��, 3	�7 �0���� � ��, ��0Ns ���F� �1�-	 
^/�+   �^� ��
 	T�- �:;��1   
^/� ��^, �
 	7 	M��� .   �^� �� r�^  �^N=��   �^= 5��^�

  �^� @��A^� 5����	7 (�� 0� ���H
/�       �
^/� ��	^�� 	^= �^�
�� �^,��
���D� .�	�      G=�^� 5�^���	7 �^= �4
^�S 
QS �3��	�� L
���1�� C�� ��

        ��^, �^� C�^�F� �>�^?�� ���^�� 0� ���H
^/� �^= � 
^/� `��	�  �N[ 
[10,11,15] :.  

  

4- 1-  
A��I3 �I�2�  

 ���	7P l�	T C��F� 3�	= �>�?�� �N=��( )tzr ,,λ �=   O��W
��	�0�,�= :  

( ) ( )[ ] ( ) ( )
tk

C
tYqtT

zrrr

P
mm

NS

m
m ∂

∂=−−−

+
∂
∂+

∂
∂+

∂
∂

∑
=

λρξξδηηδηξ

λλλ

1

2

2

2

2

;,,

1  
)21( 

 _�9� ��( )mm ηξ ,  
�F>��1�-	�� 5�2� �� �+.�+�  �N=�� ��

 r�  	
�����λ  � �>�?�� 3���δ �� m�	�� 3�
�� G=��.�,�=  
  

4- 1 -1 -  ,.'� P&3'�  

 ����F� <- 3�	= 30	� `��	,�= r� �� 	�0 O��W:�,�=  

               0=
∂
∂

n

λ  )22( 

    ftt =                          ( ) 0,, =ftzrλ )23( 

�= ����/�?� �?HW �� 30	� `��	,�� ���� Y��D� 	�0 O��W:���,  

 0,,0 max >== tξξξ  ( ) 0
1

2
1

=− ηξ βλαλ
αJ

 )24( 

0,,0 max >== tηηη( ) 0
1

2
1

=+− ηξ γλβλ
γJ

   
)25( 

�= 
�/��- ����� `/�� ���Q= y�7 �0������ 
/����[11,15].  
  

4- 2 - >���2B �I�2�  
�= 3�	=�� p	  
�/��- ����F� 5���� 
/��� ����0 ���, 

)(tq�=  �0����)(tq∆}�	�� ������),,( tzrT �=
�0����),,( tzrT∆ �� 	��}� L�9
�� �:;�� �� C��	=��= .���

),,( tzrT  �=[ ]),,(),,( tzrTtzrT ∆+ �)(tq  �=

[ ])()( tqtq ∆+ �� ���F� L� L�9
�� �:;�� 0� <W�- � ��,
�= � ��, ����F� l��	� C�� �= 
�/��- �:;�� 	= L��-�� 
/� .���  

����F� C�� �=�� 	�0 O��W:��,�=  

t

T

k

C

z

T

r

T

rr

T P

∂
∆∂=

∂
∆∂+

∂
∆∂+

∂
∆∂ ρ

2

2

2

2 1  )26( 

4- 2 -1 -  ,.'� P&3'�  

 30	� `��	, ����� ��= r�  ����F� <- 3�	=�� 	�0 O��W,�=�:�  

P�= 0	� 3��                         q
n

T
K ∆=

∂
∆∂              )27(  

0=
∂
∆∂
n

T                   0, >tboundary

other

  )28( 

    0=t                             ( ) 00,, =∆ zrT )29( 
�= ����/�?� �?HW �� 30	� `��	, �� ���� Y��D� 	�0 O��W:���,  

0,,0 max >== tξξξ( ) 0
1

2
1

=∆−∆ ηξ βα
α

TT
J

   )30( 

         0,0 >= tη ( ) 0
1

2
1

=∆+∆− ηξ γβ
γ

TT
J

  
)31(  

0,max >= tηη ( ) )(
1

2
1

tqTT
J

∆=∆+∆− ηξ γβ
γ

  
)32(  

r�  `=��� ��T∆ 	1���= .
/� 
�/��- 3���  

 8�Q4� G=��( )tq /� �= G=�� 5�	� <>��- �:�[ ])(tqS� 

����F�)20( �� ��0 C�DE�C�DE� 3�	= 3��	�� ����F� .��,( )tq 
�=
/� 	�0 O��W[10,12,15]:   

( ) ( ) ( )            d-q kkk1 tttq k β=+ )33( 

 �� k .
/�+��	�� ���F�( )td k �= (�4
�S 
QS) C��F� 	�0 O��W
����,[10,12,15]:  

( ) ( )[ ] ( )            dqS 1-kkk tttd k γ+∇= )34( 

�1
/��� l�	Tkγ �� ����/�?� 	�0 8��	  0� ���H
/� �= 5��� 
�	�[11,13,15]:  

{ [ ] }

[ ]{ }∫

∫

=

−

=

∇

∇
=

f

f

t

t

k

t

t

k

k

dttqS

dttqS

0

21

0

2

)(

)(

γ 
)35( 



 

 

 

��E

 �

 �T
��

D?
�

 �
��� 

�D
?�

 �
D?

�
5�

�
 

H,
 �

��>
 �

�
F�

 



=�I
 

31 
  

 ��00 =γ �� p	 .��,  ��/�?� 3�	=( )[ ]tqS k∇ 0 �N=�� 0� 	�
�� ���H
/���,:  

( )[ ] ( )              ,, max ttqS ηξλ=∇ )36( 
.���� �1
�= 8�Q4� G=�� <?� �= r�  3����kβ  (���Q= y�7 �0����)

 G=�� 5	� <>��- �=( )[ ]tqS k 1+  �= 
���kβ �= 	�0 O��W �= 
/�
�����[11,13,15]:  

( ) ( )[ ] ( )

( )[ ]∫ ∑

∫ ∑

= =

= =

∆

∆−
=

f

f

t

t

NS

m

k
mm

t

t

NS

m

k
mmS

k
mm

k

dtdtT

dtdtTtYqtT

0 1

2

0 1

;,,

;,,;,,

ηξ

ηξηξ
β

 
)37( 

r�  �N=�� �� ( )k
mm dtT ;,,ηξ∆   ��	> �= 
�/��- �:;�� <- 0�

 5���( ) ( )tdtq kk =∆ �� 
/� �=.��� ) ����F� �/�	= �=36 (

�� bE2����Q� 5��0 �� 5����	7 ����F� �� ��,( )ft  	HW �= 	=�	=

 3�	= ���H
/� ���� ����� ��- C��	=��= ��, ��( )tq  ��ftt = 

�D� 	��}� A7	+ @��A� 5����	7 (�� �� ��	�� �/�	� �= 	7� .���
 �� ��, ��0 C�DE� G=�� ��,�= ��� B�>� <- 0� �:�[ ����� ��-

 �1���D+ft �� �= 8��,� C�� .��, w	?�� B�>� <- 0� �����
�� ���� Y,�� 	
7�A= ���Q� 5��0 6� 5�	= ��� �= �= � ���/���,. 

.
��� �S�� <=�> ����� �F>�� 5��0 �� ����� ��- O�	�I�� C�� 	=��= 
 ���F� �= �S�� �= �� �=�� �� ����� ��9�� P�= �� ��, �X��� 3��	�� (��

�, R�E
�� h>�� �:�/� �= h>�� ���F� .��� 
/� �= 	M� ���� 
>� ��
�� 5��= 	�0 ����F�:��,  

( )[ ] ε≤tqS )38( 
r�  �N=�� ��[ ])(tqS    ) �^���F� �^= �^S�� �=20 �^= (  �^� 
^/�  .�^��


>�ε     ��^, 3	^�7 �0��^�� 3�+ ���� 	7� �� ��, R�E
�� 3��\ ���=
.�,�= �
,�� �� � �� 
>� ���� 
/� �= R��S ���= �N[ 3����  

  

5-  JB 51&�/KI3 

 <j� ����� ��- 6� ��
=�)(0 tq    G=�^� 3�	=)(tq    � ��^, R�^E
��

0=k �� ��	>:���, �� y�4�� l��	� �= 	�0 <-�	� �i/ �	�7  
1- � ����� <- ��/�?� � L�9
�( )trzT ,,  3���� 	=)(tq k 

OP��F�) )1) �� (19(.(  
2- 
/� y�U O��W �� ����� <- ����� � h>�� ���F� �/�	= �= �=��

)����F�)	M� ���� 
>�38.((  
3-  ��^̂^/�?� � �>�^̂^?�� �^̂^���F� <^̂^-( )t,,max ηξλ  C
^̂^���� �^̂^=

( )tT mm ,,ηξ    �^̂ ^�F� ��^̂ ^, 3	^̂ ^�7 �0��^̂ ^�� 3�^̂ ^�� �( )tYm
  )

)OP��F�21( �� )25.((  
4-  ��^̂ /�?�( )[ ]tqS k∇    5�^̂ , bE^̂ 2� 0� �^̂ F=( )t,,max ηξλ  )

)����F�36.((  

5-  ��/�?�kγ ) ����F� 0� ���H
/� �=35 � ()(td k  0� ���H
/� �=

) ����F�345�, bE2� 0� �F= (( )[ ]tqS k∇. 

6- 5��� ��	>( ) )(tdtq kk =∆ �= 3�	= 
�/��- �:;�� <- � -

 5���� 
/�( )k
mm dtT ;,,ηξ∆ ) OP��F� )26(  ��)32.((  

7-  ��/�?�kβ   5�^, bE2� �= �S�� �=( )k
mm dtT ;,,ηξ∆  )

)����F�37.((  

8-  ��/�?�( )tq k 1+    5�^, bE^2� �^= �S�� �=kβ �)(td k  �
 �:-	� �= C
27	=1)����F� )33.((  

  
  

6- S&�1�  

    6^� 0� � ���^?� <^T�H� (�� 0� L��- OP��F� 30�/ �
��7 3�	=
 ���,40×40 D� ���H
/����.L��  ���Q� 5��010     �^
 	7 	^M� �� �^���I

   �:;^�� <^- �� ���H
/� ���� ����0 y�7 � ��,01.0=∆t   ��^�
[�
     ��^, ��^N9� 6^� �� �^Q�� ���� 3	�7 �0���� �= 	T�- ��� �� .
/� ��,

��	7�� �� C�DE� �� 30	�     ���� �^= 
�^�� �:;^�� 
�^/��- � L��0
 �/�	= ���� ���A��� 3�+ ���� .
/� �
 	7 ��	>    �^N=�� �^= ���A��^� 3�+

)39�� ��4�� ( �^:� G=�� 3�	= .���,  <�^2� �^� 3�    	^M� 0� G=�^� C�	^�
(�� �= Y,��     3�^+A��� �^= 
�^�� (�� 3���^��� 
/� ���F� 3�+

  	���^̂ ^^^^^^^9� � h^̂ ^^^^^^^:
E�
max01.0 T=σ�max02.0 T=σ  �

max03.0 T=σ �	= ���^̂� ����^̂� �^̂�9= �� � 
^̂/� �^̂
 	7 ��	^̂> �^̂/

max03.0 T=σ   5�^�0 0�  ����� <- 3�	= .
/� ��, �
 	7 	M� ��

  ���Q�st f 12=     5�^, 	H^W 0� �^,�� O�	I� �� 
/� ��, ���H
/�

L2g <=�> ���Q� 5��0 �� 5����	7 G=��   3�	^= �^���� ��- .�,�= �,��
� �� 	HW 8�Q4� G=��.
/� ��, �
 	7 	M  

( ) ( ) ωσ+= iexi tYtY )39( 
  r�^̂   �^̂ N=�� �� �^̂ �σ    � 3	^̂ �7 �0��^̂ �� 3�^̂ +�N[ ��^̂ �F� w�	^̂ ?��

ω      ��^�F� w�	^?�� � 	H^W C�1��^�� �8�^�	� G�0�� �= � ��V� 3	�}
�
 �� .
/� �-��	T�- ��� 576.2576.2 ≤≤− ω  7 	^M� ��  �^
 	

���� 0� �� ����0 C��JD+  .
/� ��,  �^� ���H
^/� ���A��� 3�+  L�^��

 ���9�
ft2σε =     �^� 
^/� ��^, �
 	7 	M� ��ft    ���^Q� 5�^�0

 .
/�        �^:� G^=��� ����H
^/� ���^� (�� 
^>� �^/�	= ��^M�� �^= � 3�
 �/���^/– �= �/�����O��W  3�	^= 	�0 3�+( )tq    �^
 	7 	^M� ��
:
/� ��,  

( )




≥≤
<<

=
840

84107

tandtfor

tfor
tq

 )40( 

( ) ( ) ( )tttq 2cos101.0sin10 77 += )41( 
<�, ��3�+ 3  �4        0� ���H
^/� �^= ��^, ��^/�?� G^=��� �= r�  G=���

��, ����9� ���F� (��  ���A��^� 3�+ ���� �= ���F� <- �i/ ���
 .
^/� ��, �X���  ���� 	�I�^�  A��^� 3�^+  <�^, �� �� ���  3�^+5  �6   ��

���� �= ����9�A��� 5��= 3�+ <�,)  3�+3  �4 ��.�	� ��+�2� 5���  
  



 

 

 ��
, 

C
�D

E�
��	

7
�

�
 

�N
9� 

6
� 3

���
 G

�0�
� �

= �
S�

� �
= 5

��0
 �

= �

�

=��
 … 

32 

  
J
�3-  �����'(
&  ��� �@����4  �����'(
& �� �E T�A) 

��� -��% L�/!
� ,3����  

  
J
�4 -  �����'(
&  ��� �@����4  �����'(
& �� �E T�A)-

 -��% L�/!
�/���-
�/��2E 
�  ����  

  

  
J
�5-  �����'(
&  �3)O&/� ,�7 �)3) .3 �)� 1�3 �� ��� �@����4 

 �����'(
& �� �E T�A)��� -��% L�/!
� ,3����  

  

  
J
�6-  �����'(
&  �3)O&/� ,�7 �)3) .3 �)� 1�3 �� ��� �@����4 

 �����'(
& �� �E T�A) L�/!-��% 
�/���-
� 
�/��2E  ����  

  
B=�N� �S) 8��1�( )2() �3) � (4(  3�N[RMS  h:
E� G=��� 3�	=

 ��, ��/�?� 	�I��  � 
/�0q R��S 3�� 	=�= 3�+ ���� ���� 
/�

.
/� �
 	7 ��	> �/�	=  
  

G4��1- ,�*U RMS  ,3'� ��� �1;'( '6� �) V�1$� -�3/% ,3'�

 �����'(
& )
2

510
m

w =
0q(  

3�N[RMS  G=��  

0.484 �:�3�  

0.151   �/���/- �/�����  

  
G4��2- ,�*U RMS  ,3'� ��� �1;'( '6� �) V�1$� -�3/% ,3'�

 �����'(
& )
2

610
m

w =
0q(  

3�N[ RMS  G=��  

0.489  �:�3�  

0.158   �/���/- �/�����  

  
G4��3- ,�*U RMS � ,3'� ��� �1;'( '6� �) V�1$� -�3/% ,3'

 �����'(
& )
2

710
m

w =
0q(  

3�N[ RMS  G=��  

0.502  �:�3�  

0.167   �/���/- �/�����  

  

G4��4- ,�*U RMS  ,3'� ��� �1;'( '6� �) V�1$� -�3/% ,3'�

 �����'(
& �)3) ���3)O&/� ,�7)
2

510
m

w =
0q(  

3�N[ RMS G=��  

0.541 �:�3�
max01.0 T=σ  

0.552  �:�3�
max02.0 T=σ  

0.566  �:�3�
max03.0 T=σ  

0.184  �/���/- �/�����  

  
  



 

 

 

��E

 �

 �T
��

D?
�

 �
��� 

�D
?�

 �
D?

�
5�

�
 

H,
 �

��>
 �

�
F�

 



=�I
 

33 
  

 3�N[RMS :
/� ��, ��/�?� 	�0 �N=�� 0� ���H
/� �=  

( ) ( )[ ]∑
=

−=
I

i
iexiestRMS tGtG

I
e

1

21 )42( 

 r�  `=��� �� ��( )iest tG  5��0 �� ��, ��0 C�DE� G=��it �

( )iex tG 5��0 �� B�>� G=��it � I �0���� ���F�3	�7�� �+ .�,�=

 3�N[ RMS � ��, ��0 C�DE� 	���9� C�= O��H� �� 
/� �/��9�
�� 5�2� G=�� <��� �� �F>�� 	���9�.�+�   bE2� Z��
� �= �S�� �=

�� 3�N[ �� ��,RMS �:� G=�� �� �= �� ���� �� ���9� C�	
2�= 3�
�� G=�� �1
/����� 
:U�,�= . �= �S�� �= � �+����D� � r�  8���S

��, ��/�?� 3�+�N[� �� bE2� 
>� 0� ��, �X��� (�� �� ��,
�[	= ����> <=�>�� ����.�,�=  

  
  

7 - ,'�( �	�1�  

  �	^T�- B�9?� ��    �:;^�� <^- �� ���^DU O�^V
E� (��   ��^�F�
�= 3��?� 5��9
� ��, C�^DE� ��M����	7��  �S�� �= �5��0 �= �
�=��

�0���� 3��� G�0�� �= �� �N9� 6� �� ��, 3	�7 6�  LM���^� �^/��+ 

/� ��, ���H
/�    �^� �^, bE^2� 5�^���	7  ����F� �/�	= �= .   C^��

���Q� 5��0 �� ����F�( )ft �� 	HW �= 	=�	=  �^���� ��- C��	=��= ��,

   �^
 	7 	^M� �� 	HW B�9?� C�� �� �� 8�Q4� G=�� 3�	= ���H
/� ����

 �� 
/� ��,ftt =  �=����	    A^7	+ @��A� 5����	7 (�� �� ��	��

�D� 	��}������ ��- 	7� � ���      G=�^� ��^,�= ��� B^�>� <^- 0� �:�[

 �1���D+ �� ��, ��0 C�DE�ft      w	^?�� B^�>� <^- 0� �^���� ��
�= �= 8��,� C�� .��,     ���� Y^,�� 	^
7�A= ���^Q� 5�^�0 6� 5�	= ���

 .�,8�j� 3�	= h:
E� 3�+ 3�N[ RMS   bE^2� � �^��	7 ��/�?�
�N[ C�� �� �, �� �:� G=���	
2�= 3� ��S� 5� 
:U � ���� �� ���9� C

�:� G=�� �� A�� _�9� � �1
/������� 3��:� G=�� .�,�= <�^2� 3�  C�	^�
 (�� �^= Y,�� 	M� 0� G=��    5� P�^DF� � 
^/� ��^�F� 3�^+  3�	^= ��

L
���1�� 
>� ����9� (�� � �^+      ��^�F� <X�^�� <^- h^:
E� 3�^+
�� R�E
��� 6� B�9?� C�� �� ��, �X��� (�� .���� � 
/� �:� (�

�� <X��� <- 3�	= �������/���� ��	73    5��^9
� � 3�^F=�� ���F�
�= 3��?�   8�^j� �^= �^S�� �= .��, �
 	7 ���      �^= � ��^, �^/�	= 3�^+

 ��, ����9���	7�� ��, �= ���� 
/� �= ��	7��     �^= �^S�� �^= � B�>�
�= (�� �� �� �
�� C��      �� �^:�> O�^U.\� �^= 30�^�� ��^, �
 	7 ���

�� ���� �= 
��� �=�[ �
��� 3������ 0� � 
��� 8�Q4� G=�� <�, ��
�� �4�
� C�� �= 
/� �����[	= ���A��� 3�+ (�� �(�� C�� �� L�/�

 ��, C�DE� 3�	= ��/�����	7�� �� 5��0 �= �
�=�� 8�Q4�.�,�=  
  

8--�3'�   
[1] Huang C. H, Wang P., A Three-dimensional inverse heat 
conduction problem in estimating surface heat flux by conjugate 
gradient method, International Journal of Heat and Mass 

Transfer. PP. 3387-3403, 1999. 
[2] Shiguemori E. H., Harter F. P., Campos Velho H. F., Dasilva 
J. D. S., Estimation of boundary condition in conduction heat 
transfer by neural networks, Tendências em Matemática 

Aplicada e Computacional 3, 189-195, 2002. 
[3] Volle, F, Maillet, D, Gradeck, M, Kouachi, A, Lebouché, M 
"Practical application of inverse heat conduction for wall 

condition estimation on a rotating cylinder", International 
Journal of Heat and Mass Transfer. 52, 210-221, 2009. 

[4] Golbahar Haghighi, M.R, Eghtesad, M, Malekzadeh, P,  
Necsulescu, D.S., Three-dimensional inverse transient heat 
transfer analysis of thick functionally graded plates, Energy 

Conversion and Management. 50, 450-457, 2009. 
[5] Su J., Neto A., Two dimensional inverse heat conduction 
problem of source strength estimation in cylindrical rods, 

Applied Mathematical Modeling. 25, 861- 872, 2001. 
[6] Hsu P.T., Estimating the boundary condition in a 3D inverse 
hyperbolic heat conduction problem, Applied Mathematics and 

Computation. 177,  PP. 453- 464, 2006.  
[7] Shi J., Wang J., Inverse problem of estimating space and 
time dependent hot surface heat flux in transient transpiration 
cooling process, International Journal of Thermal Sciences. 48, 

PP. 1398-1404, 2009. 
[8] Ling X., Atluri1 S.N., Stability analysis for inverse heat 
conduction problems, Computer Modeling in Engineering & 

Sciences. 13 (3), PP. 219-228 Tech Science Press, 2006. 
[9] Jiang B.H., Nguyen T.H., Prud’homme M., Control of the 
boundary heat flux during the heating process of a solid material, 
International Communications in Heat and Mass Transfer. 32, 

728-738, 2005. 
[10] Jarny Y., Ozisik M.N., Bardon J.P., A general optimization 
method using adjoint equation for solving multidimensional 
inverse heat conduction, Journal of Heat and Mass Transfer. 34, 

PP. 2911- 2919, 1991. 
[11] Daniel J.W., Approximate Minimization of Functionals, 

Prentice-Hall Inc, Englewood Cliffs, 1971. 
[12] Ozisik, M.N "Heat Conduction", second ed. Wiley, New 

York, 1993. 
[13] Alifanov, O.M "Inverse Heat Transfer Problems", Springer-
Verlag, New York, 1994. 
[14] Chen S.G., Weng C.I., Lin J., Inverse estimation of transient 
temperature distribution in the end quenching test, Journal of 
Materials Processing Technology, 86, 257-263, 1999. 
[15] Chen S.G., Weng C.I., Lin J., Inverse estimation of transient 
temperature distribution in the end quenching test, Journal of 
Materials Processing Technology, 86, 257-263, 1999. 
[16] Ozisik M.N., Orlando R.B., Inverse Heat Transfer, Taylor 
& Francis, New York, 2000. 
[17] Goldman A., Kao Y.C., Numerical Solution to a Two-
dimensional Conduction Problem Using Rectangular and 
Cylindrical Body-Fitted Coordinate System", J. Heat Transfer, 
103, PP. 753-758, 1981. 
[18] Ushikawa S., Takeda R.,  Use of Boundary-fitted 
Coordinates Transformation for Unsteady Heat Conduction 
Problems in Multi connected Regions with Arbitrarily Shaped 
Boundary, J. Heat Transfer, 107, 494-498, 1985. 
[19] Plotkowski A., Krane M. M., Use of Inverse Heat 
Conduction Models for Estimation of Transient Surface Heat 
Flux in Electroslag Remelting, J. Heat Transfer, 137(3), 2014. 
[20] Hsu P. T., Wang S. G., Li T. Y.,  An inverse problem 
approach for estimating the wall heat flux in film wise 
condensation on a vertical surface with variable heat flux and 
body force convection", Applied Mathematical Modeling, 24, 
235-245, 2000. 
[21] Khaniki H. B., Karimian S. M. H., Determining the heat 
flux absorbed by satellite surfaces with temperature data,  
Journal of Mechanical Science and Technology, 28, 2393-2398, 
2014. 
[22] Beck J., Black well, B, Clair, C. St Inverse Heat 
Conduction,  J. Wiley, New York, 1985. 
[23] Liu F. B., A hybrid method for the inverse heat transfer of 
estimating fluid thermal conductivity and heat capacity, 
International Journal of Thermal Sciences, 50 (5), 718-724, 
2011. 
[24] Mohammadiun M., Rahimi A.B., Khazaee I., Estimation of 
the time-dependent heat flux using temperature distribution at a 
point by conjugate gradient method, International Journal of 
Thermal Sciences, 50, 2443-2450, 2011. 
[25] Tai B. L., Stephenson D. A., Shih A. J.,  An Inverse Heat 
Transfer Method for Determining Work piece Temperature in 
Minimum Quantity Lubrication Deep Hole Drilling, Journal of 
Manufacturing Science and Engineering, 134 (2), 2012. 



 

 

 ��
, 

C
�D

E�
��	

7
�

�
 

�N
9� 

6
� 3

���
 G

�0�
� �

= �
S�

� �
= 5

��0
 �

= �

�

=��
 … 

34 

[26] Rahimi A.B., Mohammadiun M., Estimation of the Strength 
of the Time-dependent Heat Source Using Temperature 
Distribution at a Point in a Three Layer System, International 
Journal of Engineering, 25, PP. 343-351, 2012. 
[27] Mohammadiun H.,  Molavi H., Talesh Bahrami, H.R, 
Mohammadiun, M., Real-Time Evaluation of Severe Heat Load 
Over Moving Interface of Decomposing Composites, Journal of 
Heat Transfer, 134, 2012.   
[28] Mohammadiun M.,  Molavi H., Talesh Bahrami H.R, 
Mohammadiun H., Application of Sequential Function 
Specification Method in Heat Flux Monitoring of Receding 
Solid 
Surfaces, Heat Transfer Engineering, 35(10), PP. 933–941, 
2014. 
[29] Wu T. S., Lee H. L., Chang W. J., Yang Y. C., An inverse 
hyperbolic heat conduction problem in estimating pulse heat flux 
with a dual-phase-lag model, International Communications in 
Heat and Mass Transfer, 60, PP. 1-8, 2015. 


