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Abstract 
In this paper, transient impact on a composite plate is studied using the spherical  nose . The governing equations of the plate based 
on the first shear deformation, are discretized using the Galerkin finite element method. The mass, stiffness and force matrices are 
obtained such that the terms of bending and shear in the matrices are considered separately, and the Gaussian integration method is 
used to overcome the shear locking phenomena. The model is developed so that it is capable to taking frequent loading and 
unloading during the impact. The governing equations of the plate and the projectile are solved in the time domain using the 
Nikolson and Newmark integration methods. The results are compared with the results of other researchers and the accuracy of the 
model is verified. According to the numerical analysis, it is observed that the present model has accurate results for thick and thin 
plates. The low velocity impact on a composite plate with clamped and mixed boundary conditions is studied and the time history of 
response of the plate such as deflection, penetration, contact force and kinetic energy are presented. 
Keywords: Galerkin finite element method, Shear locking, Low velocity impact, Laminated composite, Gaussian integration 
method. 
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 )9(  
ψ4X�x , y� = 14 Z1 − xa\ �1 − yb� ⋮ ψMX�x , y� = 14 Z1 − xa\ �1 + yb� 

) c5��� 7��).��` �58 	��M� 7��N� O�P Q�� 	5 <��= >?��@� �� (

) >?��@�) L�� ���	� �4	5 H�44 ���F
0� �5 � (( ���E� +�R�� (�� -�

3����E� +�R�� U	  �5 >?��@� 8��	� ) �C5�� O5�C� �10(  
0�5

��  ���:  

 )10(  [MX]_Δa Xb + [KX]cΔXd = cFXd 
 Q�  �C5�� �� ��[MX]  �U	` {�	���[KX]  � �
F0 {�	��� cFXd �� +�R�� 7�	�� {�	���  �5 � ��4�5>��G  �,�
� 	�- �K�

�� :��4  

f[M44] [0] [0][0] [M22] [0][0] [0] [MCC]g hcwa dcSa �dcSa �di 

)11(  + f [K44] [K4/] [K4C][K4/]j [K//] [K/C][K4C]j [K/C]j [KCC]g hcwdcS�dcS�di = hcF4dcF/dcFCdi 

 ���C5�� �� )11 (����� -� U��� 	X  �X   {�	��� 2�4k4 ��  �4�5   �

  �
F0 {�	��� � U	` {�	��� 2� +�R�� 	X 7�	5 H� ��12k12  �

 �	�� {�	��� 2� J��1 k 12 �� HG�= ) �C5�� �� �� .��412 �� (

����� -� ���R� :
0� ��4 ����� �
F0 {�	��� -� ���� 
0�5 7�X  

)12(  

KSl44 = ! �KJANN ∂ψS∂x ∂ψl∂x + KJAMM ∂ψS∂y ∂ψl∂y � dxdy
Ω

m  ⋮ 
 KSl/C = ! �D4/ ∂ψS∂x ∂ψl∂y + DQQ ∂ψS∂y ∂ψl∂x � dxdy

Ω
m  

  

3 - +", �	'* �-�	  

H���5 ����� +�R�� 7�X ��EFG ��0�	5 7��N� 	��M�  �4	5 H�4

L�� ���	� c;  -��� �.
0��� �5C� ������ 7�	5 >�EFG <�b6 ���J3 

��0��� ��
�X. ��� �
B� �� -� L�	.
��7	�3 H��� 7�	5 {�	��� 7�X 

�
F0 �� ���F
0�  ���4 a��` 7�X �;�B�	�I 7�	5 >�EFG \-�� 
0�5 

��  ���. 	.�� >���9 �5 �� H�KE� >�EFG \-�� 7e	�� �/R:  ��

����;� �5 
R�B �4	5 �K�: 2h�� ��  �4�5   �
��b6 ��  �X  ���- 7

�� HR9 �
0�� �5 �C5�� 8��  ���� 
��b6 �� ���  �X 7�` �5 <� 7 

�
 	3 	S� �� 	
R� (	5 	[� �����  >�	[� � ��4 <� +�R� >�	[� ���4

�� �
 	3 	S� �� (	5  HFB �5 ����� 8�� �� ��4 �3�4 �4	5 ��1/� 


0�. 
1` ��KI 	5 8�� �/� 7	�.��	.
�� (�� -� �@��C� 8�� �� H

 �
0� ��4 ���F
0� �0�3(��  �X L�	.
�� 7   H= 7�	5 ��3 7	�3

(�� H��4 L�	.
��  �X �C;� 2� ��3 7 �C;� �� ��3 �7�  �0 ��3 �7�

�C;� �� ... � 7�  �4�5  >��G �5 �0�3 7	�.��	.
�� (�� �K� 
��= �� �

) �C5��13�� d�	@� (  ��4]11[:  

)13(  ! p�q�r4
34  sq =  : t8

?
8A4 p�q8� 

 ��tS  � +-� ����� +��5q8  
0� �0�3 ���R� Z�;�]11[.  

 � �
F0 {�	��� 7�	5 �0�3 7	�.��	.
�� (�� �@��C� 8�� ��

 �� >��G 8��5 �
0� ��4 ��S�� U	` {�	���{�	��� �
F0 +�R��  ��

�5 ��J,� �5 
R�B �/R: 7�X � �4	5  ��J,� �5 �� +�R�� U	` {�	��� �

�0	��� +�R� ��0� 	5  7�XI0  �I2  8��@� ��4 ���) �C5��)14.((  

)14(  
[KX] = ![Ku] + [KJ]v  dA 

[wX] = ![Mxy] + [Mx*]v  dA 
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 {D0 -� L�	.
�� 8
 	3 7�	5[Ku]  � (�/R: �
F0 {�	���)

 {�	���[Mxy] -� �C;� �� ��3 (��  -� L�	.
�� 8
 	3 7�	5 � 7� [KJ]  {�	��� � (�4	5 �
F0 {�	���)[Mx*]  2� ��3 (�� -�

�C;� �� ���F
0� 7� .<���  ��S�� 8��5 ��0� 	5 �� +�R�� >�T
b� ��
5�

 >�T
b�<X 7	
����� � ��	b
0� �5 �`�� �5 ��� >�Tb/�  �X   ��

H�4 �� �� ��C��RX �K� >�T
b� 2 �� ��4 ���� +�/�   W5��� +���

 �KE� >�T
b� ��0� 	5 �� H�4���� 
0�5.  

  
+
	2-   M�D.�) ���L.;� 7��8) �* 3�I.J�NB '.�)���=  

  

8�� 
4�.� �5  �K�C
�� +�R��+�R�� 7�� 	5 <X 	
�����7  7�i  ��

) ξ , η) �C5�� (15�� HG�= ( :��4   

)15(  
ψ8X�ξ , η� = 14 �1 + ξSξ��1 + ηSη� ∂ψSX∂ξ = 14 ξS�1 + ηSη� ,    ∂ψSX∂η = 14 ηS�1 + ξSξ� ξS = [−1,1,1, −1],   ηS = [−1, −1,1,1] 

{�	���  7�X >�T
b� ��0� 	5 +�R�� �
F0 � U	`<X 	
�����7  �5

>��G ) �C5��16( �� �,�
� :���4  

)16(  
[KX] = ! ! �[Ku] + [KJ]r4

34
r4

34 � |J| dξdη 

[wX] = ! ! �[Mxy] + [Mx*]r4
34

r4
34 � |J| dξdη 

 Q�  �C5�� �� ��J  {�	����5���`  >��G �5 +�R�� 	X �� � ���5

) �C5��17�� d�	@� ( :��4  

)17(  ~ =
���
�����q ���q���� �������

�� =
��
���
�:���8�q

?
8A4 ��8 :���8�q

?
8A4 ��8

:���8��
?

8A4 ��8 :���8��
?

8A4 ��8��
���
�
 

 {�	��� ���@� ��` >��G �5 �5���) �C5��18(  HG�=��   :��4  

)18(  J34 = KA44 A4/A/4 A//O = 1det J 
���
�� ∂y∂η − ∂y∂ξ
− ∂x∂η ∂x∂ξ ���

��  
 ��det J�  {�	��� +����	��`7�	5 �
0� �5��� 8��@�  W5�� >�;
/�

 �5 
��� H�4x  �y  +���B -� O
/��	�,�- 7��� ���F
0� .��	3  

)19(  

∂ψS∂ξ = ∂ψS∂x ∂x∂ξ + ∂ψS∂y ∂y∂ξ ∂ψS∂η = ∂ψS∂x ∂x∂η + ∂ψS∂y ∂y∂η 

 ���	��� U	  -� ���F
0� �5 L�=�� ?�5 c5���   <�����
�����   �

�����  ��

 >��G �5	�- �� 
0�5��:  

)20(  

��
��∂ψS∂x∂ψS∂y ��

�� =
���
��∂x∂ξ ∂y∂ξ∂x∂η ∂y∂η���

��
34

���
��∂ψS∂ξ∂ψS∂η ���

�� = KA44 A4/A/4 A//O
���
��∂ψS∂ξ∂ψS∂η ���

�� 

 H�4 ��3  �� �K�C
�� +�R�� 7�	5 ��4 a�b
�� �0�3 Z�;�

 �0�3 Z�;� 8�� -� ���F
0� �5 L�= .
0� ��4 ���� +�/� ��4 �
 	3	S�

 >�T
b� ��0� 	5 ��4 +��5 c5��� J�� �<X 	
�����7 ��  HFB 	[� +���

.���� 
0�5 �� �
F0 � U	` {�	��� � ��	� m)= �� �4	5 �3�4  

  
+
	 3- ��0- O�D� �* ���L.;� 7��8) 

  

 	3� 8��pRXωS  ���,5�` ���5	6 ����- <�	�.5 	S� ��  ����@� 7�	5

 
�	=�5	6 ����- :
4�� <�X��: jKG  

)21(  �8�a 8 = −p� 

�� �8 �5	6 U	`  ����-  �p� +��5  �� ��R� 7�	�� ����� .�4�5  

  

4 - 5�0P'* =/�;8��  

 L�� -� ���:	5 +�	� L�� 7�	5 ��4 ���F
0� J�	X ��4 �]G�


0�]1[.  	3�α �5	6 f�F� ���;�� Q�� �� ����-p   7��/  7�	�� ���;�

�� HG�= 	�- �C5�� -� 7��/  7�	�� J�	X +���B O�P ��.�� �4�5 :��	3  

)22(  � = ��C/ 

+� �� �� � ) �C5�� >��G �5 � ���5 ��R� �
b023 d�	@� (

�� ��4]1[.  

)23(  � = 43 ��4/ 

�� R L��@� _�@4  ���:	5 7�	5 �E �
���
0?� L���  L��@�

) �C5�� -� �� 
0� ���:	524�� 
0�5 (  ����]1[:  

)24(  

1� = 1�4 + 1�/ 1� = 1 − �4/�4 + 1 − �//�/  

Q�  �C5�� �� R4  �R/ _�@4  �X 7��E�� 7 �5	6  
E� ~C0 � ����-

�� �5	6  ���;� Q�� 7�	5 �� �4�5R2  �
 	3 	S� �� 
��1��5 �5 	5�	5

�� ��4 L��� .  �X <�` �� +�0��� j��	6 � s��� 7 �5	6 Q�� � ����- 

 �5 	5�	5 j��	� �5 J��E4  �v4   �E/  �v/ ��  ��4�5  .{���	�-1  	.��/�

�5	6 <�` ���:  {���	�- � ����-2  �5	6 <�` ���: 	./��R�

�� �����:  �4�5 �� 
0� 	�f �5 U-? �E/  Q�� ��  ��
�-�D��� 7�X

+��5 ��? �6	9 
1` �� �
���
0?� L��� ����� �� �X �4�5.  

)����@�223��5 �K=	� 8�= �� ��R� +���B ����� ~�	/� () 7��

�� �
= �RV�� �.
 ��	  ��`� 8�� �5 �
0� �.
 ��	  ����	    �� �����

3��5�)7�  �X  �K=	� ��)� � ���� y� J�� 8���� ��
��� 77���	5��5  �X   �E� �5

�� 7��)3��5 �K=	� �5 >��F
� �1`�� H5�B  ��4]12[ . 8�= ��

) �C5�� >��G �5 �	�� 7���	5��525:��5 �X��: (  

)25(  � = ��[ � − ���� − ��]/.N 

 ��P�  �7���	5��5 �K=	� _�	4 -� Y�� �	�� 	l���=α�  	l���=

 � �.
 ��	  +�J��α� �� <V�� �.
 ��	  +�J��  �4�5  �� ����G �� .



 

 

219 

7
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 �

�
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 �
 	

5 �
��

 (
��

���
 

���	E5 ���;� 2� -� �.
 ��	  +�J��α ¡  ��4�5 	
R� α�  � 	FG 	5�	5

 �� ���.�Xα� > α ¡ :  

)26(  �� = ��[1 − ���£���/N] 

 >��F
� 7���	5��5 ��E�� �5 7��)3��5 ��E�� ���,� 7��J3��5 ��

�� -�5 �KE� �5 ����RX ��� ����5  ��4 -�I� �,�� -� 7���	5��5 �� ��	3

 >��G �5 ��,� 7��)3��5 ��E�� �
0�) ����@�27( :
0� ��4 L��  

)27(  � = ��[ � − ���� − ��]4.N 

) ����@� L�= 8�� �527 	3� �� 
0� +� 	.���5 (α = α�  ��4�5 P = 0 .�4 �X��:  

 ) ����@� �� H= 7�	510) ����@� � (21 �5 H��� >��G �5 �� �1�� (

+��K��� 7��9 (�� �� -� � �
 	3 	S� �� 	.����]13[  7��9 (�� �

\������]14[ �� ���F
0� ) c5��� O5�C� +��K��� (�� �� .��	328 �� (

)30�� HR9 >��G 8��5 (  7�	5 a��` +��5 ob/� }	  �5 �� ��4

 +��-t  
9	0 � +��- �� �� ���,5�` �t + ∆t �� 
0�5.<����  

)28(  cxd)r∆) = cxd) + [�1 − β�cx¦ d) + βcx¦ d)r∆)]�∆t� 
 ��β  �� 
0� 
5�[ 2� 	5�	5 +��K��� H= (�� �5 �`�� �55/0 

�� �
 	3 	S� ����4 .  

)29(  �1 − β��[C]cx¦ d) + [K]cxd)� = �1 − β�cFd) β�[C]cx¦ d)r∆) + [K]cxd)r∆)� = βcFd)r∆) 
 +��- �� ���,5�` ���	5t + ∆t �� 
0�5 	�- >��G �5 :���  

§ 1∆¨ [©] + β[K]ª cxd«r∆« = 

)30(  § 1∆¨ [©] − �1 − β�[K]ª cxd« + �1 − β�cFd) + βcFd)r∆) 
 ���	5 ��0�E� 7�	5 ����@� 8��cxd  +��- ��t + ∆t  ��0� 	5

 	���;�>]R`   +��- ��t 
0� ��4 ���F
0�]13[.  

  

5- =5�< Q��.�  

5-1- �!#56�!� 7��8) M�� '* =�)R-  

U	� c0�� ���E� +�R�� �� c5��� ��	b
0� -� {�  ��J �

MATLAB �EG 7�	5 � ��4 �
4�� ��4 U�,�� 7-����� _�� 	5 7��)3

 ���;� 8�� �� ��4 �
4�� ��{���	   �X �@��P 7 ��-� (�@��� -� �4�� 


� �	3 _�� -� ���0 7-	� c��	4 7���� �
�-�D��� Q��- �5 ������

 >��G10 ��? �5 ���?  7��)3[0/90/0/90/0]J  >�Tb/� �5 �

) �C5�� �� ��4 +��531(  7�	510  +�R�� (�� -� HG�= L�� (�@��� ��

���E�  �@��C� 8�� ��HFB �� �
��= 7�	5  �
 	3 	S� �� �4	5 �3�4

HFB 	[� �� �
��= � ��4  �5 
0� ��4 m)= �4	5 �3�4O�B� H= 

�� �K�KE� +����RX � �J���� c0�� ]15[  U�,�� ����;� ���� ��5 ��4

� �
 	3 ��	B  L��` �� +� -� HG�= ^��
�1 
0� ��4 �����.   

 L��` -� �� ��C��RX1 �� �S=]�  Q�� +��5 \-�� ��`� �5 ��4

a��` L�� -� HG�= 7�X 7-�0  HFB 	[� �� �
��= �� ���E� +�R��

 H= ^��
� �5 �5�: ����5 
;5�C� ��4 m	P	5 ��4 ����� (�� �5 �4	5

KE� �� �
��= �� ��� 
0� ��4 HG�= 7J�h�� ����5 7�C: � ���� �K�

HFB 	[�  (�� +��� 7���- m]
:� 
0� ��/� m	P 	5 �4	5 �3�4

.
0� �
 �� Y��J � �C: �G�� � ���� ��`� �K�KE� H= � ���)�  

  

  

Q�� >�Tb/�)
� �	3 :{�`-  ������T 300/934:(  

)31(  
�4 = 120 ¯°± , �/ = �C = 7.9 ¯°±              ³4/ = ³/C = 0.3 , ��£ = 0.0803 �� µ = 1580 �·�3C,       ¯4/ = ¯/C = 5.5 ¯°± ± = ¸ = 200 �� , B = 2.69 �� 

  

L�� �,�0 
EG 
1` 8��pRX  8�� �� ��4 U�,�� �5	6 7-�0


� �	3 {�` -� \-�� �
�-�D��� Q�� �@��C�-  _�� � ������10  ��?

��? �5  ���h[0/90/0/90/0]J  �C5�� �� ��4 +��5 >��G�T: �5 �

)31�5	6 2� ���:	5 
E� �� (  +��5 >�Tb/� �5 H�4 7�	� ����-

) �C5�� �� ��432 +����RX � �K�K: ^��
� �5 (]9[ � +��h �

+�����0]16[8h � +�0 � ]10[ �1��4 � (�B �  ]17[  � ����;�

H�4 �� +� �,�
� 4 .
0� ��4 �����  

�5	6 >�Tb/�   ����-:(�?�  :{�`)  

)32(  
� = 200  ¯°± , ³8 = 0.3  ,   µ = 7960 �·�C            

�8 = 8.537 ·¹ , 7 = 12.7 �� , º = 3 �»  

 H�4 �� �� ��C��RX4 �� �i=]�HFB 	[� �� ���.�X ��4  �3�4

�5	6 � Q�� 8�5 ��R� 7�	�� 
0� ����	3 m)= �4	5  ����5 ����-

�� ��`�� ^��
� 	��0 �5 2��J�  m)= +��5 �� 
0� ���= �� 8�� �4�5

HFB 	[�  ����� 	5 ��]9 �4	5 �3�4���/�5 Q��C�� ��R� 7�	�� �0���� 

�5 �0�	 �
��^ ����� �� _�	4 � ���+� �5	6 ��,� ��J m]
:� ���-� 

-���7 �5 �
��^ ��	. +�;;E� ��X�/� �� ��	3 . 
1` J�� 7	.�� ����;�

 >��G ���;� 8�� �� ��4 U�,�� 7-����� �5 	
/�5 +��/b5 ���
9�

 -� ���F
0� �5 Q�� 7�� 	5 �5	6 -� HG�= ��R� 7�	�� �� 
0� �
 	3

 	[� m)= +��5 � �5 L�� ���	� �4	5 H�4 	��M� 7��N�HFB  �3�4

 � +��h �K�KE� ^��
� �5 Q�� 2�0]� 7��N� -� ���F
0� �5 J�� � �4	5

+�����0]16[ �5	6 � ��?��h >�Tb/� ��K� �
0� ��4 ����;�  ����-

 Y��J � 	5�	5 ��1h �5 �� Q�� 
��b6 c;  � ���5 H�B �5�/�

�� )<�X�4hH�4 �� ����;� 8�� �,�
� �� (5  �5 .
0� ��4 �����

 �5 �`���� <�b6 Q�� _�� -� Q�� ��4 �
 	3 	S� �� 
��b6 .�4�5  

 M6��1- S��2'TE�6 5)/U 3�	�H9�) /) +#�> �H�VW =�B  

���R4 

���  

H= (�� O�B� 

]15[  

 	6�= (��) m)=

HFB �4	5 �3�4(  

 	6�= (��)  �5

HFB  �4	5 �3�4(  

��±s½¾¿ � 

 {���	 �@��P  �C:  

(�G��)  

�C:  

 (�G��)  

1 77/1901 33/0  4/9  

2  51/4691 05/0 1/13 

3  23/5783 15/0 8/8 

4  72/7576 002/0 5/9 

5  85/9797 65/0 5/14 

6  00/11855 39/0 8/11 

7 90/12479 71/0 2/9 

8 7/13739 53/0 9/8 

9  7/16935 54/0 7/9 

10 9/16984 38/1 4/15 
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+
	4 -  �.�/01��2 ��G��@ �5 Q��.� '��� �* X��9 =6'�� �;��D� �*

F��J4 h  

  
 +
	5-  �* �.�/01��2 ��G��@ �5 Q��.� '��� �* X��9 =6'�� �;��D�

 F��J44h  
  

 H�4 �� �� ��C��RX5 �� ��X�/� -� HG�= ��R� 7�	�� ��4

�5	6  m)= +��5 � �5 L�� ���	� �4	5 H�4 	��M� 7��N� -� ���F
0� �5

HFB 	[�  � +��h �K�KE� ^��
� �5 �5�: 
;5�C� 7���� �4	5 �3�4

+�����0]16[  ����� Q�� 2�0]� 7��N� -� HG�= �,�
� �� ��� ����

�� ���� >��F� �� Q�� +��5 <�b6 H��� �5 �� ��4 _�� 8��	5��5 .�4�5

��G 7-�����HFB 	[� m)= J�� � �
 	3 >  (�� O�P �4	5 �3�4

Q�� 7�	5 �� �;�B� ����5 ^��
� ���;� 8�� �� ��4 �V���  � \-�� 7�X

����;� O�P <�b6 �� �V��� ?�5 �� ��4 U�,�� 7�X  
EG � �X�

 	[� m)= �5 ^��
� ��K� 8��	5��5 �
0� ����	3 ����� ��4 U�,�� 7-�����

��
� 7���� �4	5 �3�4 HFBQ�� �� 7	
;�B� ^ �� \-�� 7�X .�4�5  

5-2- =5�< Q��.� ���'*  

 7�X	
����� 	��M� ��
5� ��α  �β  	
����� � \������ (�� ��β  ��

�5	6 f�F� +�h �,��
� 7�� 	5 +��K��� (��   ��
�-�D��� Q�� �� ����-

�5	6 � Q�� 8�5 L���
� ��R� 7�	�� ��5	6 HE� 
9	0  �	�I � ����-

����;� {D0 � ���� ��	B �@��C� ���� ��  � \������ 7��9 (�� 8�5 7�

 �5 ��	����� �
�-�D��� Q�� ��S�� 8��5 .
0� �
 	3 U�,�� +��K���

)�C5�� �� ��4 +��5 >�Tb/�31
� �	3 _�� -� ( -  >��G �5 ������

10��? �5 ��?  ���h[0/90/0/90/0]J  	X 7-	� c��	4 7���� �

H�4 �5�/� ���	�3 m	P ��1h6  7�	� ����- �5	6 2� �5	6 
E�

�C5�� �� ��4 +��5 >�Tb/� �5 H�4 )32 
9	0 �5 � (V = 10 �J  ��

 .
0� ��4 �
 	3 	S� 

  
 +
	6-  �)5'�- =/'� Y�)'	  

  

 	
����� 	��M� -� HG�= ^��
�β �5	6 f�F� +�J�� 7�� 	5  �� ����-

H�4 �� +��K��� H= (�� O�P Q��7  .
0� ��4 ���� +�/� ����R�

�5	6 f�F� +�J�� ����-  ���;� �0 7�	5=0.5β �=0.67β �=1β  ��

H�4 7 ��4 <�0	�   
0� �5 �`�� �5 ��X����R� �� �S=]�  �5 �� ��4

 7�-�=0.67β  ���;� 7�-� �5 �a��` 8�.���� ���;�=0.5β  8�	
/�5

 ���;�
4�� <�X��: �� f�F�  � J�� ���;� 7�-� �5=1β 8�	
R�  +�J��

��,� �5	6 �� 7���	5 ��5 � 7��)3��5 ���@� 8�	
/�5 � f�F�  �5 
��� ��

 	.�� ���;� ��
0�5 �� ����� 8R6 ��X�  ��=0.25β  8�� -� 	
R� �

 ���;� +��K��� (��a��` 7������ �������� 7�X .�4�5  

  
 +
	7- �.�/01��2 E�6 �5 ����/ �*'4 Z0"� �* +>) 70;�
�� :6�(  

  

8�� �� Q�� +�RX L�= \������ ����- L�	.
�� (�� -� ���F
0� �5 ��5

�� ��	B �0�	5 ���� 7�X	
����� 	��M� -� HG�= ^��
� ��	�3α  �β  ��

H�4 8 .
0� ��4 ���� +�/�  H�4 ��8 �5	6 f�F� +�J��  Q�� �� ����-

 ���;� �0 7�	5=1α �=1β  �=0.5α �=0.25β  J�� �=0.67α �

=67β �� �S=]� �X����R� �5 �`�� �5 � ��
�X ��4 <�0	� �5 �� ��4

 7�-�=1α�=1 β �5	6 f�F� ���;� 8�	
R�  	���;� 7�-� �5 �Q�� �� ����-

=0.5α �=0.25β �5	6 f�F� ���;� 8�	
/�5  �,�
� �� Q�� �� ����-

��  7�	5 8��pRX .�X�=0.25α �=0.5β  �=0.25α �=0.25β  (��

a��` 7���� J�� \�������� �������� 7�X �5 ����� 7�	5 8��	5��5 .�4�5

 �� (�� �� 8�� ��4 �
 �� 
0� �5	6 H= �� ����B H5�B � O�B� a��`

 ����;� <X�5��  H�4 �� ����;� 8�� ^��
� �� ��	39 .
0� ��4 ����� 

H�4 �� �� ��C��RX 9 �� ��X�/� J���
��= �� ��4  (�� �� ��

 \������=0.5α �=0.25β ���� �
 	3 	S� ^��
� ��K� HG�= ��4

 �
��= 7�	5 +��K��� (�� ^��
� �5 
9	0 >�	��M� � f�F� +�J�� 	�S�

 ��=0.5β �� +���� 
0� �1�� +��� 7J�h�� �K�: m]
:� � �4�5

L��` �� �� ���� ��`� 2 ��R� 7�	�� ���;�� �5	6 f�F�  Q�� �� ����-

 �
�-�D��� ���,5�` �+��- ��  �5 �	�� +��0����/�5  �� ��: ���;�

 �5	6U�0 )t=988 µs (�� �� 	X -� ���F
0� �5 ( � �� �
��= ��

=0.5α �=0.25β  � \������ (�� ��=0.5β  �� +��K��� (�� ��

.
0� ��4 ����;� <X �5 ��4 �
 	3 	S�  
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7
�R

=�
 �

�
�9

 �
 	

5 �
��

 (
��

���
 

  
 +
	8- �.�/01��2 E�6 �5 ����/ �*'4 Z0"�  �* +>)]���0�� :6�(  

  

  
 +
	9-  :6� /) �5�".�) �* �.�/01��2 E�6 �5 ����/ �*'4 Z0"�

]���0�� 6 70;�
��  

 L��` �5 �`�� �52  �� �
��= �� 
0� ob/� J��=0.5β  ��

 � +��K��� (��=0.5α �=0.25β  ^��
� ��K� 
0� \������ (�� ��

 �� ����- �5	6 f�F� ���R� 7�	�� ����,5�` �
9	0 7�X����R� -� <9�

	X 7�	5 ����� 	.�� � Q��  ����5 m]
:� � ���5 O�C�� <X 	5 (�� ��

.���� ��`� �1�� +��� �VJ`  

 M6��2- 70;�
�� :6� /) +#�> Q��.�)=0.5β (6 ]���0�� )=0.5α 


=0.25β(  

(��  

7��9  

+��-  

) µs(  

�	��  

)KN(  

f�F�  

)mm(  

Q�� J�	� ���,5�`  

)mm(  

 \������  988  2612/0  0471/0  3440/0-  

+��K���  988  2624/0  0470/0  3444/0-  

  

 (�� 7�X	
����� 7�	5 ���15 ���;� 2� 8
 �� �5 �`�� �5 L�=

�5	6 
E� Q�� ����� �� \������ � +��K���  Q�� �� �
��= �� �� ��

 c��	4 7���� �� �
��= � ���	�3 m	P ��1h 	X 7-	� c��	4 
E�

H�4 �5�/�) ����	� 7-	� 10�� ��	B �@��C� ���� 
0� (  .�	�3  

:M6) F8�>  H�4 O5�C� �� Q�� 7-	� c��	46 ���� >��G �5 ��3

�� �
 	3 	S� �� ���	�3 m	P ��1h  -� �� �
�-�D��� Q�� {�` .��4


� �	3 _��-  � ������10 ��? �5 ��?  7��)3[0/90/0/90/0]J  �

�C5�� O5�C� Q�� >�Tb/� 	��0 )31 �� ����- �5	6 >�Tb/� � ���5 (

�C5�� �5 O5�C� J�� )31 �5	6 
9	0 �� >��F� 8�� �5 �
 	3 	S� �� (

5 ����- �10 m/s  -� ��? 	X 
��b6 �� �,�� -� .
0� �
 �� Y��J �

 ��?��hh=0.269mm �� Q�� ��@5� �5 �`�� �5 � 
0� ��4 �
 	3 	S�

 ��200×200  mm  �� Q�� _�� -� Q�� 8�� 
0� ��4 �
 	3 	S�

�� \-��HFB 	[� m)= -� HG�= ^��
� 8��	5��5 �4�5  ^��
� �4	5 �3�4

� .��5 ��X��: �;�B�H�4 � 11 H�4 �� 16  
��= 7�	5 �KG�= ^��
�

.
0� ��4 ����� nE5 ���� L��  

  

  
 +
	10 - �V�2'9 =/'� Y�)'	  

  

H�4 11 �5	6 �C;� �� �� ��?��h ���,5�` ����R� +��- ��  1500 μs 
��b6 7�	5  7�Xh �2h  �10h  �5 �5	6 _�	4 -� {�

HFB 	[� m)= +��5 � m)=  �4	5 �3�4�� +�/�  .�X�  �S=]�

��  Q�� ���,5�` 	l���= �� ��4  >�� ��1500 μs  �� �
��= 7�	5

HFB 	[� 
��b6 7�	5 ����	3 m)= �4	5 �3�4h  ���;� 7����   

0.926 mm  �5 ���;� 8�� 
��b6 7	5�	5 �� Y��J � �5 � ���50.327 

mm  
��b6 7�	5 � �
 �� YX��10h  >�� 8�� �� <R�J��� ���;�

 �5 +��-0.041mm �� ��X�/� 8��pRX .
0� �
 �� YX��  �� ��	3

���,5�` 
��b6 Y��J � �5 J�� �K� 
��= �
 �� YX�� �X  .��� 8��pRX

 Q�� 
��b6 �� �
��=�� 
0� �`�� H5�Bh ��  ����5 m]
:� �4�5

���,5�` 7�X����R� �� 7���-   	[� m)= U�9 � m)= -� �4��

HFB �5 m]
:� 8�� � ���� ��`� �4	5 �3�4  Q�� 
��b6 Y��J �

 YX���
 ��  
��b6 �� �� 7��P �510h  8�5 -� ����	;� m]
:� 8��

 O�C�� <X 	5 
��= �� 7�	5 Q�� ���,5�` ����R� � �
 ���4   .
0�  

  
 +
	11- F��J4 �* �.�/01��2 E�6 ����*��  =�Bh
2h  610h �5   7��/ ÂÃÄÄ ÅÆ  

H�412 �5	6 f�F� ����R�  ����-  
��b6 �5 �
�-�D��� Q�� ��h �� 

 +��- j�=	5 8�� �� �
��= � ��4 m)= �4	5 HFB 	[� �� �
��= 7�	5

 ��/� m)= 	[��� +�/�   .�X��� ��X�/� ����R� 8�� �� 	X ��  ��	3 ��

 
0� ��4 �
�l� ��9 ���5�� � ���0� 	FG �5 ���SE� 7�	5 f�F� ���;�

�� �,�
� �  �5	6 ��4  E� 7�	5 ����- -� ���S Q�� ���:	5 � ��4 ��`


0� ���
 � Q�F�� ��,�  ���� y� J�� ���0 �5	6 +��- 
4)3 -� {� �

�� ��X�/� 8��pRX .
0�  ����R� �� 8�5 7���- ����5 m]
:� ��	3

 7��P �5 ���� ��`� �����/�5 ���� 
0�5 f�F�  	[� �� �
��= ��

HFB  ��/� m)= �4	5 �3�4 	5�	50.122mm  	[� 8�� �� �
��= �� �

 	5�	5 ����	3 m)=0.112 mm ��  �4�5  � U�� >�5	6 �� 8��pRX �

>��F� 8�� J�� U�0 �� ���� �X  +���� � _�	4 +��- �� 8�� 	5 ��]9 ���4

 ��X�/� 7���- m]
:� J�� 7���	5 ��5 � 7��)3��5 ��@
� >�@ �
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�� HFB 	[� m)= �5 Z�5	� ����R� �� �� 7��P �5 ��	3  �4	5 �3�4

 +��- �� L�� �5	6200 μs  +��- �� U�� �5	6 � ���0� U�R�� �5 277 μs  �� � 
0� ���� y�347 μs  � ���0� U�R�� �5 U�� �5	6 J��

 
4)3 -� {�599 μs  �� ��@�946μs  
0� ���� y� U�0 �5	6

HFB 	[� m)= U�9 -� �4�� ����R� �� �� 
0� ���= �� 8��  �4	5 �3�4

� L�� �5	6 +��- �185 μs  +��- �� U�� �5	6 � ���0� U�R�� �5 247 μs  �� � ���� y�316 μs  {� � ���0� U�R�� �5 U�� �5	6 J��

 
4)3 -�653 μs  +��- �� ��@�969 μs  
0� ���� y� U�0 �5	6

�S=]� H5�B m]
:� 	���;� 8�� ����;� �� �� ���� ��`� 7� . L��` ��

3  	���;����/�5 �5	6 f�F� 
��b6 �5 �
�-�D��� Q�� �� ����-h  ��

.
0� ��4 ����� 
��= �� 	X  

  
 +
	12-  F��J4 �* �.�/01��2 E�6 �5 ����/ �*'4 Z0"�h    

  

M6�� 3-  7)������K�*  76�* 6 �* 7��/ ^;> '* 5��� 3�*'4 �5 Z0"�

+", _R>�	'* �-�	  

F8�>�B ÇÂ 
(ms) 

ÈÂ 
(mm)  

ÇÉ 
(ms) 

ÈÉ 
(mm)  

ÇÊ 
(ms) 

ÈÊ 
(mm)  

�5 HFB  �3�4

�4	5  
033/0  122/0  291/0  044/0  012/1  048/0  

+��5 HFB  �3�4

�4	5  
042/0 112/0  319/0  037/0  989/0  047/0  

m]
:� �G��  42/21  92/8  77/8  91/18  32/2  12/2  

H�4 13 �5	6 f�F� ����R�  ����- �
�-�D��� Q�� ��  �� ��


��b6  7�X2h  �10h  +��- j�=	5 	[� m)= U�9 � m)= 
��= ��

 �4	5 HFB�� +�/�  .�X� �� �S=]� 
��b6 8�� �� �� ��	3  	5 �X

�5	6 f�F� +�J�� � ����� y� ��,� >�5	6 H�B m]:  Q�� �� ����-

 
��b6 �5 
���h  
��b6 �� �� 7��P �5 
0� �
 �� Y��J �2h  �

10h  +�J�����/�5 [� m)= �5 Z�5	� ����R� ��0� 	5 f�F� �4	5 HFB 	

 	5�	5 j��	� �50.181 mm  �0.264 mm ��  ��X�/� 8��pRX .�4�5

��  HFB 	[� m)= +��5 � m)= 
��= �� f�F� 7�X����R� �� ��	3

<�b6 �5 �4	5  �� �� 7��P �5 ��4 2��J� 	.���� �5 Q�� +�4 	�

 
��b610h �
/3 O�C�� <X 	5 .���  H�414  Q�� 	5 ����� 7�	��

�
�-�D���  
��b6 �5h �5	6 m	P -� ��  �� +�/� ����-   �S=]� .�X�

��   �� ��4���/�5  �	��HFB 	[� m)= �5 Z�5	� ����R� ��0� 	5   �4	5

 �SE� ��42 μs ���= �5 0.966 KN 
0� ���0�  �5 ���;� 8�� �

 	5�	5 �4	5 HFB w�E�1.098 KN ��  +��- �� �� �4�5 33 μs  y�

�4 �� 8��pRX .
0� ���� H14�� �S=]�   ��4 -� �4�� ����R� ��

 � 7��)3��5 ��@
� >�@ � -� ���= J�� �4	5 HFB 	[� m)= U�9 � m)=

�� 7���	5��5  �5	6 +��- >�� H� �� .�4�51055 μs  � 
0� ���5

 J�� � ��,� >�5	6 � L�� �5	6 �� ��R� 7�X�	�� 8�5 7���- m]
:�

+��- �� �X�/� ����R� �� 8�5 �P�5	� 7�X�� � .��	3  

  
 +
	13-  F��J4 �* �.�/01��2 E�6 �5 ����/ �*'4 Z0"�2h  610h    

  

 +
	14 -  F��J4 �* E�6 6 ����/ �*'4 `�* X��9 =6'��h  
  

H�4 15 �
�-�D��� Q�� 	5 ����� 7�	��  
��b6 �52h  �10h �� 

 ��/� m)= +� 	[� �� ����- � ��4 m)= �4	5 HFB 	[� �� �
��= 7�	5

 j�=	5�� +�/� +��-  �� �S=]� .�X�   �� ��4 Q�F�� �5	6 2� �1��

 ���;� � ���
 ����/�5  �	�� 
��b6 ��2h  �10h  
��b6 �5 
���h 

�
 �� Y��J �   �4	5 HFB m)= �5 Z�5	� 7�X����R� O�P � 
0�

 
��b6 �� �	�� <R�J���2h   �10h  	5�	5 j��	� �51.97 KN  �

3.52 KN �� +��- �� �� �4�5  7�X45 μs  �43 μs  .
0� ���� y�

 
��b6 7�	5 �X����R� 8�� ��2h  ^��
� 8�5 �1`�� H5�B m]
:� J��

 8�� �� ���� ��`� +� m)= U�9 � �4	5 HFB 	[� m)= -� HG�=

 �5 +��0� � 
��b6 Y��J � �5 m]
:�10h .
0� �
 � 8�5 -� ����	;�  

 H�416  
��b6 �0 �5 Q�� 7�	5 �� ����- �5	6 �/��` 7e	��

h�2h   �10h  ��4 m)= �4	5 HFB 	[� �� �
��= 7�	5 +��- j�=	5

 >�� �� ��/� m)= +� 	[� �� ����- �500 μs �� +�/�  .�X�

�� �S=]�  
��b6 7�	5 �� ��	3h  �2h   8�5 7���- m]
:�

HFB m)= U�9 � m)= �5 Z�5	� 7e	�� 7�X����R�  � ���� ��`� �4	5

 �5 m]
:� 8��10 )
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 �� �;�B� ����5 ^��
� �4	5 �3�4 HFB 	[� m)= ��E� �5 �`�� �5 J��

�� 
0�5 H= �5 2��J� ����5 a��` 7���� �� 7��P �5 �X�   �K�KE�

�� Q�� _���� 7�	5 �	5��� 
�K5�B 8�� 	5 ��]9 � �4�5  � \-�� -� <9� �X
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