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Heat Flux Determination of Friction Stir Welding Procedure Using Conjugate Gradient 
Method 

 
M. M. Hosseini Department of Mechanical Engineering, Amirkabir University of Technology, Tehran, Iran 

H. Basirat Tabrizi  Department of Mechanical Engineering, Amirkabir University of Technology, Tehran, Iran 

 
Abstract 
This study implements an inverse method for obtaining heat input during the friction welding process in terms of time, with specified 
sequences. Using limited experimental data leads to precise evaluation of heat generation during the process. Solution accuracy was 
improved by integration of analytical formulation, consideration of temperature-dependent thermophysical properties and slip 
definition in three-dimensional finite element model. Specifically, conjugate gradient method was used as inverse method to 
calculate the unknown parameters. Heat generation within sliding, sticking state was obtained using friction and slip dependence of 
time and deducted from exponential approximation of angular velocity of matrix. Favorable situation for friction stir welding is the 
case that workpiece does not experience the melting temperature. Online CO2 gas cooling flow was used to obligate the desired span 
of temperature. Numerical calculation of heat flux during friction stir welding of Al5052-O accompanied by cooling stage was 
considered and inverse method was integrated to evaluate governing parameters. Effect of cooling stage in temperature distribution 
of workpiece was simulated numerically. Calculated unknown parameters indicate good prediction of heat flux, which satisfy the 
measured temperature, and characteristic parameters of the process. 
Keywords: Heat flux, Friction stir welding, Conjugate gradient method, Inverse heat transfer. 
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�3;I � ��J:� ^	
/� q�;- @�	: ����	? @<	� l��	. P�� @�	: ���
 n
���2�� <� ���E
-� �: � t�O3��� @�3: �- ���8� 5�M��5����  
-� �:

��.���  
-� 	�f �: t<Y � ��Y�: y;- �� ����� 
�k �: �B�� �:

��N_ �3;I n� �����3: �� ���8� 5�M�� P�� 5�	: ��� �: �� @

��/N: �K��F 
R	- �� ���3� (�� �: Q��-�8� 
R	- f�N�� �: ��� .
n� b� n��	� �
��0� �
��N_ @�
-�� �� 	��;-�� �: n�7
�� H? @

 @�3: �- ���8� 5�M��	W��� �
 	= ��	I  �� �: H? ���0� 
�3��B
 @	
/�:.�/N�:  

 G��1- H
� I���J*K 1 �&6�& ���1�I�> ��) �)��*!& +����,�-

���234& �*L �%&��& 1+'
(�3.'( M���& +�B  

  
  

2 -1- /�J�N; '=B&�  

����3��3;I @�	: 	�K�� @���� ����3� P�7
�� �/��-� @@��	= �- 

�: ���J� ��	� v��F 5� �� �� ���: @�3: �� ��� <� �3:�� Q��4
��. �
 	=	W� .
-�  

 )1(  k�T�∂
�T
∂x� + k�T�∂

�T
∂y� + k�T�∂

�T
∂z� 

+	q
�� = ρ�T�c�T� ∂T∂t  
�;:��) @1��<� y;- @�	: ( ��J:� �: 	�=�� �  .
-� ���4	�, �, � 

�O4�  � Q�m
N��O4� Q�m
N� �� �	=	K �_	R � ���o @.
- h  

                                                           
1 Stereolithography (STL) 

�8E4 @�	: �3��o ���Z:�B >�	_�7 � @� k  ��-�����	= ���c  �S��  
 �ρ �3;I ���2L��� ��.�.�: �;:�� �� @)1 (q
��  Q��	? ����� U:��

�3;I @�� ���� ��J:� l-�� �8;- � ����� @�K	
����� �: �� ���: ���
 .���� �2
�: 5��<[�	3� ����� ��? �@   9��	�T
�  P��	  <� ���E
-� �:

5����MK � 
�M.� l-�� ��. �i��� �O�O8�2 ]14��. 9���� [
-� .  
����3� ��) @2 (�� = 298��3;I @�	: ����� l��	. ����  

���, �, 0� = 293���.�.�:  
)2(  		k�T�dTdn#$%&� = h�T� − T|$%&�� 

  

2 -2- ��$6
.,�'> O&,L  

 ���J� ��	� v��F Al5052 Q��4 �: ����� [O
N� 	���7� @�	:
 P��B1 ��. �i���] 
-�15[.  
R	- � H? @������ b��J � @�	:

 	: �S�� ����	= 
� 	` � ����	? b��-� >�	_ Q�	��T� ���	2MK
�: ��� >�?��. �
 	=	W� �� �;F Q��4�;:�� .
-�) @3 5�/� (

���K� 	: �S�� ����	= 
� 	` � b��-� >��	_ @�	: �;F >�	7� @
.
-��� >�?  

k�T� = 	C*T+ C�  
)3- ([��  
  

C+�T� = 	C′*T+ C′� 
)3- (e  
  

 	���7�C*,C�,C′*, C′� �<�: �: �B�� �: .
-� 	�T
� ����� [O
N� @�K
 P��B2 ���K� 5�/��<�: �� ���)� >��	_ 	���7� @ [O
N� @�K

����� .
-�3;I ����� b� ���160  ��250  ����< b� �80  ��W��
��..
-�  

 
 F1��1- ��$6
.,�'> O&,LAl5052  P�3Q� +�B��/ �/

]15[  

  

)-
.
.∙1(Cp  )2


34(ρ )
5

36.°1(k T (°	C)  

900  2680  150  24  

1000  2680 162  149  
1125  2680  200  260  
1200  2680  220  371  

 F1��2-  ��$6
.,�'> O&,L �*L T$'D> T$&'UAl5052-O  +&'�

�%�� �$��/ P�3Q� +�B  

 

C* C� C′* C′� ����� �<�:  

096/0  7/146  8/0  8/88  149 -24  

342/0  111  126/1 2/832  260-149  

18/0  16/153  675/0  4/874  371 -260  
127/0  24/172  54/0  5/999  607-371  

3 - �/�
�51/6� 7�$/&'( 01� +%�� 
 n
���2�� 9���� ��5����  
R	- [�	3� <� c��J� 5����	= (�� �:

��. ��	: �	0: @���B ������ ��8� � �	  9�� 5�	� 5���� .
-�

                                                           
2 Schmidt et al. 
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 @�� 5� @	�)�	�k�� � (JT� 9�� ����	? H? �: @��MR P�0Z� @�	��
���/N: 
�3��B ����	 .
-� �: ����	? U:�� (�� 9�� �o Q��4

�OMB��LH4�? <� @� 
-� �: t�O3� U:��� � P�0Z� @�K	
����� e	_
��.��� �<���� ���	: Q�3:	� H_�E� p�MZ� �: 
�-��? U:�� � @	�=

 �: � ���: 	:�	: ��-�8�S �� ���� 5�/���. . ��8� � U:��� [�	3� @
 bN: �� P�0Z� @�K	
�����  c�	N
-�3-2 ��. �i���.
-�  Q��L�O 

 H?5����  H�. ��2 ����.
-�  
  

3 -1- F,
�� +�B'3�&��� 5&'Q3�&  

     QY��3� H? @�	: U�	- � ��M���I �.�� c��J� 5����	= (��
 
0B ���3� �;F	�D � �;F
-�	
����� �:��<��]16[ (�� 9�� �o .

���� 	K ���<���� ����-�8� (�	= @ 
0B @�
-�� �� ��-��� t�= @
PJ��1���M� @�	:�� f�N�� (
�-��?) ��K U:�� @<�-.��	=  
0B
PJ�� - �:�E�� �;F >��	� 5���R-  �: V�:	� Q��-�8� <� ���E
-� �:
�������� PJ�� 
0B �: 	`��
� (�	= @ @�� 
-� �: H�I (�	= .���

�B�	F �: ���� 
-� �: @�K�	= (��: c��J� 5���� � [I�� ���3�  p��
.���� �2
�: ��. e�N
�� �
/=<�: n�W�� @�2��  �� 
-� 	�f �: t<Y

�
 	= ��	I ���E
-� ���� ���7� 9�� �� ���E��� �
/=<�: n�W�� @�2�� 

-�]17[.  

 � 
�M.� l-�� ��. �i��� P��	  6�o] 5����MK14[ ��. ����	=  �����
�: ��.�;-��(�/
D� � ^��;4� @ �;:�� ��) @4�� [�	3� (.��.  

)4(  g = �1 − δ�Pημrω + δτArω 

B  �(JT� U:��C  �^��;4� >�	_D  ��J:� ^	
/� y;- 	: ����� ��/ 
�3;I �� ���EF �3;I n�O�� b���� ���.�.�: ������ �: ��J:� ����B @

 6MR �: �B�� @���	 1.5 �O���3;I �� 9�� @	
�����  y;- ���7�
�� ��B� �: �� ����B ����	: �� ������@��	=  �MZ?��W�� ��.��. 

�;:��) @5���K� 5�/� ( >�	7� @���M�  
�3��B @�	: ������ 
R	-
����� 5��� b.�� � 5��/N:.
-� (JT� @  

)5(  ω3%GHIJ�t� = ωGKKL�t� . �1 − exp�−H�t − tP�λPt��,									λP R 0 
  
)6(  δ�t, r� = 1 − exp�ωmatrix. r

δVωVrV � 
�;:�� ��) @5 �(W�X� @�K U:�� ����-XY �W8� �: �=����L H���� @

T�J\�	��� 
�	? p�	. � (�Z[\\]�X� ������ 
R	- @���� U:�� 
� ��J:� <� H7
�� � 
:�k @���7� >OD� � ��. 9��3� ����	�� l-�� �� 
-

.
-� 5��<^Y  >�	7� >�	_���M�  H���� [�	3� @�	: ������ 
R	-
 H��� (JT� �: H��� �=����L�W8� �� 	2�� �����R �: .
-� p�	. @

�� ���� �O�O8� P��	  �� �� 
-� ��J:� 
R	- 9�� (JT���. 
R	- � 
\�	��� .
-�	E4  ��J:� � \�	��� 
R	- (JT� p�	. <� \� H�� nK �:

��	�  �3: �: �W8� 9��<� � \�	��� 
R	-	E4	�D  5�	� H�� �: p�	. �
.�	� �K��F ��J:� 
R	- ���7� �:  � ����� [�	3� �: �B�� �: (JT� U:��

b�����MK2 ]18�;:�� � [) @5( �:�;:�� Q��4) @6 (��. �����<�: -

:
-�  
)6(  δ�t, r� = 1 − exp�ω3%GHIJ. r

δVωVrV � 

                                                           
1 Direction of descent 
2
 Arora 

BV  �K�2/���<� ���7�)�?�� �: 	:�	: (��. �
 	=	W� �� �ZV  
R	-
t�Z�� b���<� @�	:  UB	� ������) �
 	=700 � (�7�I� 	: ���_V  p�3.

���. ��J:� @����.�:�;:�� �: �B�� �: .) @6�0��: ( (JT� ���7� 
-
5��< @�	:n� @�K <� 	�XY �: 5� <� �3: � 	E4 ��o���M�  �?�� ���7� �:
�� H��.��� �;:�� Q��4 �: J�� ^��;4� >�	_) @7(  [�	3� H:�I


-�]18[:  
)7(  μ = μV�ωH�L/ωV�. exp�−δ�t�.ω3%GHIJ. r

rVωV
� 

�;:�� ��) @7 (Zab]  ������ 
R	- H_�E� �: � ���� ������ 
R	-
 .
-� 	:�	: ��J:� � \�	���CV  � �Y�  � n������� ^��;4� >�	_0.3 

��. �
 	=	W� �� .
-�����3� <� n�O�� �.	: b��5����B @- �: ^��
 
-������]19[. 

)8(  

q
��
=		 Pη. μc1 − δ�t�d�rωGKKL − Usinθ�
+	ξ. δ. i− j T − TH�$

T3�LG − TH�$k
*.lm

n�rωGKKL −Usinθ� 
�;:�� �� @)8( ξ ����3� 9�2���� 	k�� >�	_5����B @- �3:�� �� ^��

 .
-� 1�
-X� b�	� � b�	� �	� <�  

H4�? e	_��/  ��<�: �� @��MR )Pη�( 5����B >�	_-  ^��	k�� 

)ξ (�;:�� ��) @2 () ���Z:�B Q��	? P�7
�� >�	_ �o ( QY�0Z�
.��: ��K��F �Oz��   

 1�F ��j? �� P�7
�� >�	_ ���@��	=  ���� J�� <�-�	- ���Z:�B
.�. �K��F q	;� �Oz�� P�0Z� 5���R �: � ��. Q��-�8�  	�k�� P�MR�

1�F1�F P��- ���F	: 	k�� y;- 9
 	=	W��� �: @��� 
R	- � @���
 P<�� �_	R���: ��	MK � ��. 
-��� ��J:� H��? P���A-� �: P<�� .
-�

�O4�  �: @2 �
��-��J:� <� @	
��  �� (�B lF �: 	:�	: 
R	- �: 
R	-
��J:� �_	R1�F�� @���.���  � @��:	�������?	o 1�F �� @���

 H�.4 ����.
-�  
  

3 -2- �*�&��32(%�� +  

�;:�� ���	: �: �� QY�0Z� @�	: �
/=<�: @p ��. ���� 5�/�  �:
�;:��) @9( �� 
-� �:��� ]17[. 

)9(  X2r* = X2 − d2β2 
X  @�JB� <� H�/
� QY�0Z� ���	:Xt = h, X� = ξ, X* =
Pη  ���.�.�:d2   � PJ�� 
0Bβ2  (�	= @�	: t�= >�	_k t�  ��

�;:��) @10���� (
-� ]17[. 

)10-([��  d2 = −2j∂T∂Xk
u
vY − TcX2dx + γ2d2z* 
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)10-(e  β2 =
∑ ∑ i|}u~�}�� �

u d2niTI3cX2d − YI3nLI�*�3�*

∑ i|}u~}���
u d2n�LI�*

 

 
�;:�� ��) @10- ([��T  ���. �:��<�� ����� \�	���Y  ����� \�	���

�<���� ���. @	�=γ2 �;:�� <� ���E
-� �: �� ���: c��J� >�	_	�O  @ -
<��� 1 :�� 
-� ���� ]17[. �;:�� ��) @10- (el �<���� ���3�@	�= �K

 � 5��< ��� �H�����	� ���3�� �K.�.�:  
I� �: Q��-�8� [I�� ���3�
�<�����<���� H� ���3� � @	�=@	�=��K U:�� [�	3� � �K  
�-��? ��2 

�<���� H_�E� Q�3:	� p�MZ�)@	�=�:��<�� � �K�� 9���� (�K �: �)� .��.
��K l-�� �K�2/���<� �B�	F @	�= ���
� �c��J� 5����	= n
���2��

1��J� �K�2/���<� l��	. �: J�� @��R � ��. 	����-��� ���3��;� @�K
 H�O8� ���������	= 9�K�. � ���O��3 ]20�	� �K��F �	o	: �� [ .  

  

4 - �%&��&+'
(�B  1V$�3�  +/�W  

����7� �: ���
��<���� @@	�= ����-�8� (�	= 	K @�0
�� �� ����� @�K

0B 6�I� �: H����. 9�	� ����	= �� t�Z�� .�	�)� @�	: ���I 9��

����-�8� (�	= 9�	F� )40 ((�	= 9���  bN: 9�� �� ���0� e��B �
��. q	;�.
-�  

4-1  M���& �,��H$��%-�%&��& ��$��/ +'
(  

 �Y�  \�B <� ���E
-� ���� ��J:�H13 ���. p�3. �: @9 �O�� � 	
�
 9�� p�3.3 �O��	
� ���: .
-� (�B lF Uo�7� J�	� �� ��J:� ��
:� ��

�<���� lF �@	�=  H�. 6:�;�1 �3;I J�	�) 
R	- �: � �
.�� ��	I (���
20 �O���� (�B lF @�
-�� �� 
�	? �: p�	. �7�I� 	: 	
�.��� 

��-��� p�� H�����	� @�KK  6MR �� � 5���O�- >�L <� ���E
-� �:
�� @�K���. <� �M� ����:�<���� lF @�
-�� �� ��. ��Z �: � @	�=

 H4�� 8 �16 �24 �O���
 	= ��	I ��J:� <� 	
����. �<���� @�K��� @	�=
 ��� @�K H�����	� l-�� ��.K  t� �� 5�	��� 	
���	� <� ���E
-� �: -

4964 �W8� ������	= 
�k 	`��
� @�K.
-�  H�.3 ���K� 5�/� @
�<���� @�M.�3;I @��� @	�= .
-� b���<� 9�? ���  �� @���	  6MR
 9�� p�E���1.5 �O�� 	
� �_	R 
R	- �: ��J:� �20 �O�� �: �7�I� 	: 	
�

 Q��200 �� t�Z�� �� @���.�B HMR ����k.�K�  ��J:� ������ 
R	-
 
:�k �700 �<���� @��MR @�	�� �  �7�I� 	: ��� ��. @	�=5.24 

���: 9�����O��.
-�  p�� ��-�	�� <� ���E
-� �: @��MR @�	��S 
�<���� b��M� l-�� � ��. @	�= P� �� 5�	�� 	=– 455 ����	= 
�k 

-� .���.  ���3� �-�	: � ����	? @<�-1�F ��j? �: b���<���� 

 9:	� ����� @� �
 	= ��	I �-�	: ���� J��1�F P��- �:� .
-� ���
20 ���K� �� 
R	- ) �7�I� 	: 	
�� P<�� @33.3  ��3:� � (����k 	: 	
�

���K�  P<�� @1  ��10 �O��	
�� �O4� ���K� @��MR @�3;I �� P<�� @ 
 ���3 �O��1�F P��- � 	
�@� <�= ��� @��� �: 9:	� �����8 �B�� @

�
��-���: ��	=.
-� �<����@	�= �: [O
N� 
��? �� @�	: ����� @�K
1�F�F e��D �� � ���1 �����. (��J=.
-�  

                                                           
1 Fletcher-Reeves 
2 Sensitivity 
3Yilbas and Shahin 
4 Lutron TM-496 
5 Atron Sl-45 

  

 G��3- �,���%&��& +�$��/ +'
( H$��%- :
9 �J*K I
JK,�) �/ ��)

(I�& H$��%- Z1'� �/ 7- I
JK,� '� [=*	� G��  

 

4-2 - �	L �,�� 1 +�	�'�
�+��)  

1�F�3;I @���@���.�B 9�? ��� 5��JMK �  P�m�� t�Z�� P���� �: �
�� t�Z�� ��J:� �: P<�� .�	�= @���.�B�_	R 
R	- �: � ��. ��7� 	:�	: 

� �� e���B �� (�B lF 5� <� @�	�� �: 	
� �
��- �� �O4�  �:.��� 
1�F P��- p�E��� �� ���: 9:	� ����� @� <�= ���3 �
��- <� @	
�

�3;I ��Y�: y;- ����� ���F	: 5� @�� 	: ���K� �� P��- @��� .���
 P<��8 �B�� @����O-  
R	- �: � ��. �
 	= 	W� ��33.3  	: 	
�

�� c��F 5� <� ����k.��.  H�.4 1�F @��:	��� �O� @�M. �� @���
�� 5�/� .�K�  

  

 G��4- �,���	L +�	�'�
� 1 1'
� H�	� + �,\ �� �	$-'. +��)

�B�]2$��%-  

  

4-3 -  01� �� +/�W V$�3�71�&1 
 bN: 9�� �� � �;F J����� �: ��
:��� �
F��	� �Oz�� ���	2MK .��.

) �B�	F Q�	��T��( �� �� @���� �: 
��� U:�� Q�	��T� [�	3� �: 5���
 J�� ����-�8� (�	= ���3� >�? 	: 
�-��?5��:  .�	� H�.5  5�/�

���K� (�	= ���3� 	��T� �: 5� bK�� � ��K �� 
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