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Abstract 

In this paper, a new approach to free vibration analysis of a cracked cantilever beam is proposed.  By considering the effect of 
opening and closing the crack during the beam vibration, it is modeled as a fatigue crack. Also, local stiffness changes at the crack 
location are considered to be a nonlinear amplitude-dependent function and it is assumed that during one half a cycle, the 
frequencies and mode shapes of the beam varies continuously with time. In addition, by using the experimental tests, it is shown  
that the local stiffness at the crack location varies continuously between the two extreme values corresponding to the fully closed 
and the fully open cases of the crack. Then, by using the mechanical energy balance the dynamic response of the cracked beam is 
obtained at every time instant. The results show that for a specific crack depth, by approaching the crack location to the fixed end of 
the beam, more reduction in the fundamental frequency occurs. Furthermore, for a specific crack location, the fundamental 
frequency diminishes and the nonlinearity of the system increases by increasing the crack depth. In order to validate the results, the 
variations of the fundamental frequency ratio against the crack location are compared with experimental results. 
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Ä�z�»�kY�zf�Y�ÉY�]�,��Zu�ªÌ¬ve��{�¶v»�Ê �Â»�Êf¨��ÉZÅ
�Ê´f�y�ÃZ´f�{��Y�Ã{Z¨f�Y�Z]�É{ÓÂ§��Ìe�|Àq�ÉÁ���]�,�Ìe��{�­�e

Amsler HA250���d¯�/��dyZ�Zwick/Roell���­�/e��ÉZ/Å
³�{ZnËY�Ê «YÁ�Ê´f�y|Ë{������/]�­�e�¾Ì§���\Ì��cY�ÌÌ¤e��b�

Ã�Y|¿Y�Z]�Á�­�e�¶v»��{�Ê�¼y��ÁZf�³�µZ¼�Y�Z]��Ìe�ÉÁ�É�Ì³�ÉZÅ
��É�Y~/³�Z]�ÉY�/]�­�e�¾Ì§����{�É��Ì·�É�Â¿�ÉZÆ�Z ��ÄËÁY���ÉZ/Å

|»M�d�|]�{| f»��Ä¿Â¼¿�Ê�¼y��ÁZf�³�cY�ÌÌ¤e�Ê]�ne�lËZf¿��Y�ÉY
Y�]�­�e�¾Ì§���\Ì��¥ÔfyY��]Y�]��{�­�e�¶v»��{�É{ÓÂ§��Ìe�É

��cZ////////�z�»�Z////////]6.4 h mm���,3.9 w mm�
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a

h
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�,hv]�{�Â»�Ä¿Â¼¿�ÉY�]����­�/e�½|/��Äf/�]�d¼���{�ÊÀvÀ»�\Ì�
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�Ê»� d�|]�d�|]� �Y|¬»� Z]� Ä¯� |ËM

�0Y{Á|u��ËZ»�M��Y�¶�Zu�Ã|»M5.2%�{�Y{�¥ÔfyY����
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��� ��{Y�M�cZ�Z e�Y� �Zf§�� �]�­�e� ÉZÅ�f»Y�Za� �ÌiZe� Ê���]

­�e��Ìe��Y{��
��z]��{�Ã|��Ã{Y{�s����Á���Y�Ã{Z¨f�Y�Z]����cZ/�Z e�Y�Ê���]�Ä]

Ë�{Y�M­�e��Ìe�Ê «YÁ�Ä¿Â¼¿�®�Ê»�ÄfyY{�a��Y{�Ì³��°Ë��Y{{Â�����Ìe
­�e���z]��{�hv]�{�Â»��Y{���15L cm,2.85c ok k�

Á0.36 ���Ê/»�Ä/f§�³���¿��{�,�����d/Ì «Â»��{�­�/e�Ä/¯�,{Â/�
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�����Z/]���Z/Àf»��/Ìe��Z/ e�Y�ÄÀ»Y{�,�Ìe�Ê°Ì¿Z°»�Á�Ê�|ÀÅ�cZ�z�»
­�e�Äf�]�0Ô»Z¯�d·Zu2.8 cA mm �����/Ìe��Z/ e�Y�ÄÀ»Y{�Á

­�e��Z]� 0Ô»Z¯�d·Zu�Z]���ZÀf»2.29 oA mm�d�Y����³Y�µZu
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d�Y���¶°���{�Är¿ZÀq�������/�¿Z¯�§�Ã�Z/]�¾/ËY�,d/�Y��z/�»��Ì¿Ê�
 ]ZeÊ�Ê»�­�e�dÌ «Â»�Á�ª¼���Y�Z]|�����Á��f/�Ì]�­�/e�ª¼��Äq�Å

ÄÌ°e�Ä]�½M�dÌ «Â»�¿Z¯�§�cY�ÌÌ¤e�Ã�Z]�,|�Z]��f°Ë{�¿�ÃZ³Ê���f³��]
{Â]�|ÅYÂy���������¾/ËY�|/�Z]��f°qÂ/¯��/Ìe�Ä/Ì·ÁY�Ä/À»Y{�Äq�Å�¾ÌÀr¼Å

Ê»��f°qÂ¯��Ì¿�Ã{Á|v»�Á�{Â�� /�Â»��ÁZf�³�cY�ÌÌ¤eÊ���¶/v»��{
�{Á|v»�ÊÀÌ]ZÀÌ]�d·Zu�Ä]�­�e�¾Ì§���\Ì��¥ÔfyY��]Y�]��{�­�e

�|��|ÅYÂy��¶°���� 

Ê³�ËÁ� �Y� Ê°Ëºf�Ì�� ÉZÅ�½|�� �ÅZ�� Ê�y�Ì£� ÉZÅ
®Ì¿Â»�ZÅ�aÂ��x�Za�Ê�¿Z¯�§�¦Ì���{��Z e�Y�Ê¸�Y��¿Z¯�§�ÉZÅ

Ê»� ºf�Ì�� Ê°Ì»ZÀË{��{� Ê�y�Ì£� cY�iY� �ËY�§Y� Z]� Ä¯� |�Z]
Ì�®Ì¿Â»�ZÅ�aÂ�� ÄÀ»Y{� ,ºf�Ê»� �ËY�§Y� �Ì¿� ZÅ|]ZË� ���Â�À»� Ä]
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¦Ì��,Ê]�ne�d�e�lËZf¿�Z]�É�ÂXe��Y�¶�Zu�lËZf¿�Ä�ËZ¬»��Ê�¿Z¯�§
d�e��Y�¶�Zu��Ìe�Ê�Z e�Y�x�Za¦Ì��Á�Ê]�ne�µY{Â»��Ì·Z¿M�ÉZÅ�

¶°���{�É{ZÆÀ�Ìa��Á���Y�¶�Zu�Ê�Z e�Y�x�Za�Ê�¿Z¯�§�ÉZÅ��
� Á� ¦·Y���d�Y� Ã|�� Ã{Y{� [� ��]��¿Z¯�§� ¦Ì�� ½{�ÁM� d�|]� ÉY

�kY�zf�Y�Ê]�ne�c�Â��Ä]��Ìe�{Y�M�cZ�Z e�Y�x�Za�Y|f]Y�,�Ìe��Z e�Y

|»M�d�|]�½M�Ê�¿Z¯�§�¦Ì���b��Ã|�d�Y� Ã� �¾ËY�ÉY�]���Y� �Z¯
d����µ|»�É��Ì·�lÀ�OMETRON VH300+�Ã{Y{�ÃZ´f�{�Á�

É�Y{�]&B K�µ|»(Type 3109)�d�Y�Ã|��Ã{Z¨f�Y���¶°���
Ä¿Â¼¿Ê»�½Z�¿�Y���ËZ»�M�ÃZ´f�{��Y�É�ËÂ�e�Á��ËZ»�M��Y�ÉY|Å{���
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¶°����¦·Y��É{ÓÂ§��Ìe�{Y�M��Z e�Y�x�Za�kY�zf�Y�d����Z]É��Ì·�lÀ��[��´f�{Ã{Y{�ÃZ�É�{Y�]�µ|»�Ä·Z¿Z¯��ZÆq��

(Type 3109) &B K� �
� �

��

� ¶°�� �{��Ê�¿Z¯�§� d^�¿� cY�ÌÌ¤e� ÊÀvÀ»��
c




� ���]Y�]� �{

� ­�e� Ê^�¿� dÌ «Â»�� ��­�e� c|�� ÉY�Y� Ä]0.36 �

|»� Á{� �Y� Ã|»M�d�|]d�Y� Ã|��º���Ê´f�y�­�e�Á� �Z]�­�e�µ��

ÊÀvÀ»���Ä]� �Â]�»� ¾Ìq��y�ÊÀvÀ»� ,Ê´f�y� µ|»� Ä]� �Â]�»� �a

�d»Ô��Z]�Ã|���z�»��Z¬¿�Á��Z]�­�e�µ|»�o� �Ã{Y{�Ä]��Â]�»�

d�e� �Y� ¶�Zu� ÉZÅÊ»� Ê]�ne� ÉZÅ�|�Z]� ���a� ÊÀvÀ»� Ä�ËZ¬»� �Y

�Ê´f�y� ­�e� µ|»� �Ã{Y{� Z]d�e� �Y� ¶�Zu� ÉZÅÊ]�ne� ÉZÅ�


Ê»�Ã|ÅZ�»��Ê]�ne�lËZf¿� Z]� Ã|��ÄWY�Y�Ê¸Ì¸ve��Á��lËZf¿�Ä¯�{Â�

{�Y{� ª]Z�e� �Ê»� Ã|Ë{� ¶°�� ¾ËY� �{� ¾ÌÀr¼Å��ÉY�Y� Ä]� Ä¯� {Â�

�¶�Zu�Ê�¿Z¯�§�d^�¿� ,­�e� �Y� Ê�z�»� Ê^�¿� ª¼�� Á�dÌ «Â»

�­�e�µ|»�ÉY�]�Ê�¿Z¯�§�d^�¿��Y��f¼¯��Z]�­�e�µ|»�ÉY�]��

��

��

d�Y�Ê´f�y� ��mY�»� �{� Ã|��ÄWY�Y�ÄnÌf¿� Z]� ,ÄnÌf¿�¾ËY����Á����

{�Y{�d¬]Z�»����
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�¶°�����Ìe�ÉY�]�Ê�¿Z¯�§�d^�¿�cY�ÌÌ¤e�Ä�ËZ¬»���­�e�Z]��Y{�Ì³��°Ë
�Ê´f�y��BB�����Z]�0Ô»Z¯�­�e�Z]�Á���������lËZf¿�Z]� �

d�e�Ê]�ne�ÉZÅ�o���ª¼��Z]�­�e�Ê^�¿�dÌ «Â»��]Y�]��{
Ê^�¿0.36 �� �
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����ÄnÌf¿É�Ì³� �
�Á����Zu�ªÌ¬ve��{���Ìe�{Y�M�cZ�Z e�Y�¶Ì¸ve�ÉY�]�É|Ë|m

|�� ÄWY�Y� Ê´f�y�­�e� Z]� �Y{�Ì³��°Ë� ���À§�®Ë� �Y��Á�� ¾ËY� �{
�­�e�¶v»� �{�Êf¨���ÅZ¯�½{Y{� ½Z�¿�dÆm�Ê�y�Ì£�Ê�rÌa
�¶v»� �{� Ê �Â»� Êf¨��cY�ÌÌ¤e� Ä¯� É�Â�]� ,d�Y� Ã|�� Ã{Z¨f�Y

��Y|¬»� Á{� ¾Ì]� ½M� ½|�� Äf�]� Á� �Z]� �Y� Ê�Z¿� ­�eck�Áok��Ä]
Ê»��ÌÌ¤e�ÄÀ»Y{��Y�Ê�y�Ì£��]Ze�®Ë�c�Â�|À¯���Z]�ªÌ¬ve�¾ËY��{

d�e��Y� Ã{Z¨f�Y��{�Ê �Â»�Êf¨��Ä¯�|�� Ã{Y{�½Z�¿�Ê]�ne�ÉZÅ
�{�Y{�Ê�z�»��Y|¬»�­�e�Ä¿ZÅ{�¶»Z¯�½|��Äf�]�¹Z´ÀÅ�­�e�¶v»

Ê¼¿�Ád§�³��]Y�]�º·Z���Ìe�Ê �Â»�Êf¨��Z]�Y�¿M�½YÂe���Ê��§�¾ÌÀq
�½Z¬¬v»��Y�Êy�]���Âe���Á�Á��Á����{Â]�Äf§�³�¹Zn¿Y����

�cY�ÌÌ¤e�½{�ÁM�d�|]�½Z°»Y�Ê·|»�¾ÌÀq�¾f§�³���¿��{�ÉZËY�»��Y
Ê»��Z e�Y�ÄÀ»Y{��ÌÌ¤e�Z]��Ìe�{Â»�¶°��Á��Z e�Y��¿Z¯�§�Äf�ÂÌa�

�dÌ «Â»�®Ë��{� �Ìe� {Y�M�cZ�Z e�Y�x�Za�kY�zf�Y�½Z°»Y� Ä¯�|�Z]
{Z¨f�Y� Z]� Y���z�»Ê»�ºÅY�§�É{ZÆÀ�Ìa�É��¿Y��Á���Y� Ã|À¯� ���{

�¶°�� \Ì�� ¥ÔfyY� ,­�e� ½|�� Äf�]� Á� �Z]� Z]� É{ZÆÀ�Ìa��Á�
Ê»��ÌÌ¤e�­�e�¾Ì§����{��Ìe�ÉZÅ{Â»��{�É��¿Y��ÌÌ¤e�h�Z]�Á�|À¯

Ê»�­�e�¶v»� �{� Ã|�� Äf§�³� ��¿� �{� Ê�rÌa� �À§� µ|»{{�³� ���Y
�®Ë� �Y� Ä¯� Ê»Z´ÀÅ� �Ìe� Ê°Ì»ZÀË{� É��¿Y� ½{Y{� �Y�«� �]Y�]�dÌ «Â»

Ê»�d¯�u�{Ây�Ê´ËZ�¼Å��{��´Ë{�¾Ì »�dÌ «Â»�®Ë�Ä]�¾Ì »��

Ê»�d�|]�d¯�u�¾ËY�½Z»�� ,|À¯�½{�ÁM�d�|]�ÉY�]� �Z°ÀËY� Á� |ËM
ÄÀ»Y{� �Y� �Ìe� �Â^�� ½Z»�Ê»� �Y�°e� ,¾Ì »�Ê·YÂf»�ÉZÅ�x�Za� Ze� {Â�
� d�|]� �Ìe� cZ�Z e�Y|ËM� ���Y� [ZÀfmY� ÉY�]� ¾Ì¬¬v»� �Y� Êy�]

¶Ì¸ve��{�Ä·Z�»�Ê³|ÌrÌa�ÉZÅ��{��Z]�0Ô»Z¯�c�Â��Ä]�Y��­�e�,{Ây
Äf§�³� ��¿� Ã{Z¨f�Y� Ê�yÁ{� �¿Z¯�§� ®Ë� �Y� ZË� |¿YÃ{�¯|¿Y� ���{

�½M��Z e�Y� c|»� �{� �Ìe��¿Z¯�§� |�� Ã{Y{� ½Z�¿� Är¿ZÀq� Ä°Ì·Zu
Äf�ÂÌa�cY�ÌÌ¤e{�Y{�ÉY����

®Ì¿Â»�ZÅ�aÂ�� �ÂÆ��É{ZÆÀ�Ìa��Á��ÉZËY�»� �´Ë{� �Y��x�Za� �{� ZÅ
­�e� �Ìe� Ê°Ì»ZÀË{�Ê»� �Y{�Z]Ê³�ËÁ� �Y� Ä¯� |��Ê�y�Ì£� �Zf§�� ÉZÅ

Ê»� ZÅ�Ìe� �{� ­�e� É�Z��Z°�M� �{� Ä¯� ,d�Y� ºf�Ì��½M� �Y� ½YÂe
{�¯�Ã{Z¨f�Y����Y�¶�Zu�Ê�Z e�Y�x�Za�Ê�¿Z¯�§�¦Ì��,�´Ë{�¥����Y

�d�|]��z�»�Ê^�¿�ª¼��Á�dÌ «Â»� Z]�Ê¯�e�ÉY�]�Ê]�ne��Á�
d�Y� Ã|»M� �¦Ì�� Ä�ËZ¬»�Z]� Ê]�ne�d�e� �Y� ¶�Zu� Ê�¿Z¯�§�ÉZÅ
�Ìa��Á�Ê»�½Z�¿�É{ZÆÀ��Z]�Ê]Ây�ª]Z�e���¿�{�Â»��Á��Ä¯�|Å{

{�Y{�Ê]�ne�d�e��Y�Ã|»M�d�|]�ÄnÌf¿����
Äv�� �Â�À»� Ä]� ¾ËY� �]� ÃÁÔ���,É{ZÆÀ�Ìa� �Á�� lËZf¿� �]� É�Y~³

ÊÀvÀ»��­�e� �Ìe� Ê�¿Z¯�§� d^�¿��ÅZ¯� cY�ÌÌ¤e����¿� �{� Z]� ,�Y{
|��º���­�e�Ê^�¿�dÌ «Â»��]Y�]��{�,­�e�Ê�y�Ì£��Zf§��¾f§�³��

ËZ¬»ÊÀvÀ»�Ä���d�e�lËZf¿�Z]��ÌyY��Á��d«{��Y�Ê¯Zu�Ê]�ne�ÉZÅ��

��
d�Y�É{ZÆÀ�Ìa� �Ê»�Ã|Ë{�¶°��¾ËY� �{�Ä°¿ZÀr¼Å� 0ZÀ¼��d§Y�{Â�

��Y� Ã|»M�d�|]� Ê�¿Z¯�§�d§Y� �Y��Ì]� �Z]�­�e� µ|»� �{� Ê�¿Z¯�§
�ÄnÌf¿� Ä¯� ,d�Y� ��Zu�ªÌ¬ve� �{� Ã|�� ÄWY�Y� µ|»� Á�Ê]�ne�lËZf¿

�Ã|��ÄWY�Y�lËZf¿�Z]��ÌyY�{�cZÌ]{Y�{�Y{�d¬]Z�»�¾§���
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