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Free Vibration analysis of a rectangular functionally graded plate reinforced with 

carbon nanotubes with simply supported condition on elastic foundation and using a 
novel trigonometric higher-order theory 
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Abstract  
This study explores the free vibration analysis of a functionally-graded rectangular plate which has been reinforced by carbon nano-
tubes (CNT) using the novel theory of trigonometric higher-order shear deformation. Carbon nano-tubes have been distributed 
through the thickness direction in a linear, symmetric and non-symmetric fashion. The foundation pertaining to Pasternak , or rather 
duo-parameter, has been utilized in the modeling; moreover, the new mixtures rule has been used for estimating the plate properties. 
The governing equations have been derived using the Hamilton’s principle, and the Navier’s solution has been used for dealing with 
a rectangular plate boundary conditions. Lastly, the effects of diverse parameters have been examined upon the vibrational behavior 
of the plate, such as the different distributions of CNT and the geometric properties of the plate. The results show that the amount of 
natural frequencies rise in proportion with an increase in the ratio of thickness to the width of the plate (h/b); a decrease in the ratio 
of length to the width of the plate (a/b); as well as an increase in the coefficients of the elastic foundation, such that the changes in 
the amounts of natural frequencies will be tremendously decreased in proportion with K�> 10000 and K�> 1000, and such changes 
will not be tangible.Furthermore, the highest amounts of frequencies will be pertinent to the X distribution, and the lowest amounts 
of frequencies will be pertinent to the O distribution. 
Keywords: Free vibration, Novel trigonometric higher order theory, Carbon nano tubes, Elastic foundation.  
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1 Functionally graded material 
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1 Differential quadrature 
2 Multi walled carbon nanotube 
3 Uniform distribution 
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4 KP-Ritz 
5 Mori-Tanaka 
6 Kantorovich method 
7 Mindlin plate theory 
8 Single walled carbon nanotube 
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1 Orthotropic 
2 Carbon Nanotube Reinforced Composite (CNTRC) 
3 Rule of mixture 
4 Polystyrene 

)3(  
V VCNT CNT m m

v V v V vCNT CNT m m

ρ = ρ + ρ
= +

  

��CNTρ�mρ 7� ��	A �
������������� �= 	P�;� � ��:	� > ���K

�� .�-�:  

�;� a�	��� �� ��- d	  � 	Y 7� �: �� 4	�
,��������� �= ��:	� >

�6�
� �PmW 	�� 	@� 7� ��- �:  I��J  �<:��)4(  4��:�� ��	.:  

)4(  CNT mV V 1+ =  

 N��A ��1 �;� 7� ������� R��K � 4	�
,��������� �= ���K ��:	� >

]
,� ��- �����10.[  

  

P*�� 1- 
�� .- 

���
� I-4J * �;���-�8484��� �)
��;< 9]10[   

������� R��K �������� �=>��:	�  ������� R��K 4	�
,� �;�  

E 900GPa, v 0.28CNT CNT
32100kgmCNT

= =
−ρ =

  
E 1.9GPa, v 0.34m m

31050kgmm

= =
−ρ =

  

 �7������������ �=    

d 25nm , l 60 m= = µ  
k 0.2, k 0.1, Eo w c
3.8GPa, V 0.15CNT

= = =
=

  

  

 L�7�� 
,� ��- d	  ���6� 5�� ���������� �= 5:	� >�: I��J 

 h��	� 5�� �: .�	�. I��J �;�<
�� 9�� 
��GH >�
,�� �� �<K

 L�7�� >�	: L:�� ��Z�������� �=  	@� �� 
��GH >�
,�� ���
 	. ��- 

 �� 
,��: I��J  	�7�� :��-�:  

 7� 4��6
��� L�7���������� �=:
��GH >�
,�� �� 5:	� >   

)5(  2z *Unsymmetrical FG : V (1 )VCNT NTh
= −  

 �PmW 	�� 7� 4��6
� �<K L�7�� 7� ];
G� _�� �� ��������� �=  ��

 9�� 
��GH >�
,���: I��J ) �<:��6 	@� �� (�
 	. ��- :
,�  

)6(  

4 | z | *Symmetrical FG _ I : V VCNT NTh
1 | z | *Symmetrical FG _ II : V 4( )VCNT NT2 h

=

= −
  

 7� 
K����� L�7�� ��������� �=  ���: I��J ) �<:��7 ]�	8� (�� :��-  

)7(  *Uniform : V VCNT NT=  

h � ���: 9�� 
��GH*VNT�: I��J )�<:��8 ]�	8� (�� ]��-10.[  

)8(  
w* NTVNT

CNT CNTw ( ) ( )wNT NT
m m

= ρ ρ
+ −

ρ ρ

  

��wNT��������� 7� ��	A 	��CNTρ�mρ h��	� �:���1Z  ��������

 a�	��� � 5:	��� .��-�:  

  

3 -  �� 3�* P,�1  0=,�1� S-;T��-�7;>� �7�� 


 �?�?�  

 C�- ��2  ��	Q I�^
G� ��1
,� � �;�<
�� 9�� 7� ���P����� 

 ��- �� �@W3� 4� >�� :��-  
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�2- �/ 0�U�T� ��V��, * 
��2��� 3�*  

  

3 -1-  W�-*�B ��; ��
�  

�?��� �= ~�Y ���m:�A >��	@�  ���D;D� >E�: ���	��: I��J 

 [:���)9( �� �-�:]9[ .���m��7�  �: 9���������� �= ��:	� >�6� 
�  ��-

 
,�5��	:��: ��
���
,E� N��� C��Q 7� ������� R��K ���P� N��� 

 7� �8:�� 
��GH >�
,�� �� 4�,��� h�	H � �-	:Z �� .��-�:  

)9(  

3
1 1

3
2 2

2
3

w
u(x, y, z) u(x, y) z y y tan(mz)

x x

w
v(x, y, z) v(x, y) z y y tan(mz)

y y

w(x, y, z) w(x, y) msec (mz)

∂θ ∂ = + ∗ θ + ∗ − + θ ∂ ∂ 
 ∂θ ∂= + ∗ θ + ∗ − + θ ∂ ∂ 

= + θ

  

 :4� �� ��  

)10(  * 2
*

mh 1
y sec ; m

2 5h

 = − = 
 

  

��u�v�w�	� �: �� ���m:�A h� I�/Ax�y � z �u�v�w ���m:�A

 �S?J >��� 
,� �����1θ�2θ�3θ bK	Z �= ��S� N�W x � y �z 

�� .��-�:  

  

3 -2-  ;��B  A�;< W�-*���
�  

b�	� �<K [:��� 7� ���?
,� �: -  ���m:�A�?��� �= b�	� >

�: I��J ) �<:��11:��: ��=��K (  

)11(  
x y z

xy xz yz

u v w
, ,

x y z
u v u w v w

, ,
y x z x z y

∂ ∂ ∂ε = ε = ε =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂γ = + γ = + γ = +
∂ ∂ ∂ ∂ ∂ ∂

  

) �<:�� 4��� ��	Q �:9) �<:�� �� (11 (�?��� �= b�	� >
,� �: 

���� ���  >�	:���, 7�, >�: I��J ) �<:��12 �
-�� (�� :���-  

)12(  

0 1 2
xx xx xx xx

0 1 2
yy yy yy yy

2 2 4
zz zz

0 2 3
yz yz yz

0 2 3
xz xz xz

0 1 2
xy xy xy xy

z tan(mz)

z tan(mz)

2m sec (mz) tan(mz)

m sec (mz)

m sec (mz)

z tan(mz)

ε = ε + ε + ε
ε = ε + ε + ε

ε = ε

γ = γ + γ

γ = γ + γ

γ = γ + γ + γ

 

 >�=	
����� ����-	�y �: I��J ) �<:��13�� ]�	8� ( :���-  

)13(  { } { }
33 2

yz4
zz 3 3 3xz 1

y, ,

x

∂θ θ +   γ   ∂ε = θ =   ∂θγ     θ +
 ∂ 

 

0
xx1
02
yyxx

2 0 32
yy yz 2
2 0
xy xz2 1 30 1xy

u
x
v
yx

, y
y y

y
x y x

v u
x y

∗

∗

 ∂
 

∂ 
   ∂  ε∂θ     ∂  ∂   ε ε

       ∂θ∂θ     ε = γ = θ +        ∂ ∂        
γ γ       ∂θ ∂θ  ∂θ +     θ + γ∂ ∂ ∂       

 ∂ ∂ +
∂ ∂  

  

2 2
31
2 2

1
xx 2 2
1 32
yy 2 2
1
xy

2 2
32 1

w
y

x x x

w
y

y y y

w
y 2 2

x y x y x y

∗

∗

∗

  ∂ θ∂θ ∂
  + −

 ∂ ∂ ∂    ε
     ∂ θ∂θ ∂   

 ε = + −    ∂ ∂ ∂    γ       ∂ θ∂θ ∂θ ∂
 + + −  ∂ ∂ ∂ ∂ ∂ ∂   

  

  

3 -3-  0=,�1�P,�1   

 4�
;���= CJ� 7� ���?
,� �: N��8� IE��8��: I��J ) �<:��14( 

��  4� ��U  ��2�	� C����
� >j	��P  � �A��K >�	�� ���K  >j	��

�� �2��A�� k�	G
,� ��-�: .��	.  

)14(  [ ]
t2

t1

K ( U P) dt 0δ − δ + δ =  

 �2�	� C����
� >j	�� I�	��B��:  I��J ) �<:��15�� ]�	8� (  � ��	.

) [:��� >��*1��A �:13) ����8� 4� �� (16�� CJ�W( .��	.  

)15(  
x x y y z z xz xz

V

xy xy yz yz

U (

             )dxdydz

δ = σ δε + σ δε + σ δε +σ δγ +

σ δγ + σ δγ

  

)16(  

{ 0 1 2
x xx xx xx

V
0 1 2

y yy yy yy

2 2 4
z zz

0 2 3
xz xz xz

0 1 2
xy xy xy xy

0
yz yz

U z tan(mz)

z tan(mz)

          2m sec (mz) tan(mz)

msec (mz)

 z tan(mz)

         m

 δ = σ δε + δε + δε +  

 σ δε + δε + δε +  
 σ δε +  
 σ δγ + δγ +  
 σ δγ + δγ + δγ +  

σ δγ +



}2 3
yzsec (mz) dxdydz δγ  

  

�m
�� 5��OP=b�� >�= �: I��J ) �<:��17 (	8� ]��� :���-  

)17(  

[ ] [ ]
N h/2

i i i i
h /2

k 1
N h/2

i i
h /2

k 1
N h/2

2
i i

h /2
k 1
N h/2

2 2
i i

h /2
k 1

N ,M ,P 1, z, tan(mz) dz, (i x, y, xy)

(N ) (1)dz, (i yz, xz)

(Q ) (m sec (mz))dz, (i yz, xz)

(R ) (2m sec (mz) tan(mz))

−=

−=

−=

−=

= σ =

= σ =

= σ =

= σ









  

) [:��� 7� ���?
,� �:17 >��*1��A � (4� �= �<:�� �� )16( �  5��OP=

b�	� [:��� 7� ���?
,� -�� ���m:�A :
-�� 4���  
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 )18(  

( )

2 2
31

1 1 2 2

2
31 2

2 1 2 2

2
2

2 3 3 5 12

3

u w
U N M y

x x x x

v
             N P M y

y x y y

w
              +P R N y

yy

              
x

∗

Ω

∗

∗

   ∂ δθ∂δθ∂δ ∂ δ
  δ = + + − +  ∂ ∂ ∂ ∂   

  ∂ δθ∂δθ ∂δθ∂δ
  + + + −

 ∂ ∂ ∂ ∂ 
 ∂δθ∂ δ + δθ + δθ + ∂∂ 

∂δθ 
∂ 



3
5 1 6

2 2
32 1

6

32 1
6 4 2

3
4 2

v u
Q N

x x y

w
            M y 2 2

x y x y x y

             P N y
x y y

             Q q w
y

∗

∗

 ∂δθ ∂δ ∂δ + δθ + + + +   ∂ ∂ ∂   
  ∂ δθ∂δθ ∂δθ ∂ δ
  + + − +

 ∂ ∂ ∂ ∂ ∂ ∂   
   ∂δθ∂δθ ∂δθ+ + δθ + +   ∂ ∂ ∂   

 ∂δθδθ + − δ ∂ 

2
3msec (mz) dxdy
 + δθ   

  

 �A��K >�=�	�� ��� I�	��B��: �<,��  >	
����� �� 0�
,E� 	
�:

	;���� - M��	
,���: I��J �<:�� )19( �� ]�	8� :��	.  

)19(  

b a

elas w g
0 0

1 w w
P K w w K

2 x x

w w
                            dxdy

y y

  ∂ ∂δ  δ = δ +    ∂ ∂  
  ∂ ∂δ +   ∂ ∂   

 
  

 V
��, �2��A >j	�� I�	��B��: I��J ) �<:��20�� ]�	8� ( :��-  

)20(  
2 2 2h/2 b a

h /2 0 0

1 u v w
K dxdydz

2 t t t−

 ∂ ∂ ∂     
 δ = ρδ + +     ∂ ∂ ∂       

    

)21(  

2 2 2 2b a
2 3 3 3 3

3
0 0

2 2 22 2
3 3 3

3

2
3

2

K I Y
y t y t x t x t

w w
             I Y

x t x t x t x t y t

w w
             I Y

y t y t y t

  ∂ θ ∂ δθ ∂ θ ∂ δθ
 δ = + −  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

    ∂ δθ ∂ θ ∂ δθ∂ ∂ δ
    + +
    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂    

  ∂ θ∂ ∂δ ∂
 + +  ∂ ∂ ∂ ∂ ∂ ∂   

 

2
3

2 2 2
3 3 3

2 2 2

2

v

t y t

v u u
            

t y t t x t t x t

u w u w v w
            I

t x t t x t t y t

           

 ∂ θδ
  +
 ∂ ∂ ∂ 

     ∂ δθ ∂ θ ∂ δθ∂ ∂δ ∂
     + + −

     ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
     ∂δ ∂ ∂ ∂ δ ∂δ ∂
     + + +
     ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

∂ 2 2 2 2 2

3

3 3 3 3
7 6

1 1 2 2
4

v w w w w w
 +I + 

t y t x t x t y t y t

w w
          I  I

t t t t t t
u u v v

          I
t t t t t t t t

   ∂ δ ∂ ∂ δ ∂ ∂ δ
   + +

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
∂θ ∂δθ  ∂θ ∂δθ ∂δ ∂     + + +      ∂ ∂ ∂ ∂ ∂ ∂      

∂θ ∂δθ ∂θ ∂δθ∂δ ∂ ∂δ ∂ + + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
2 2 2

2 2 1
5

22
31 1

5

2 2
3 31

w w w
         I   

y t t y t t t x t

w
            I Y

t x t t x t

           
t x t y t

 −


     ∂θ ∂δθ ∂δθ∂ δ ∂ ∂
     + + +
     ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

    ∂ θ∂θ ∂δθ∂ δ
   + +

   ∂ ∂ ∂ ∂ ∂ ∂    

 ∂ δθ ∂ δθ∂θ ∂θ
  +
 ∂ ∂ ∂ ∂ ∂ 

2
32 2

t y t t

   ∂ θ ∂δθ
   + +

   ∂ ∂ ∂ ∂    

  

1 1 2 2
8

1

            I
t t t t

u u w w v v
            I dxdy

t t t t t t

 ∂θ ∂δθ ∂θ ∂δθ    + +    ∂ ∂ ∂ ∂    
∂ ∂δ ∂ ∂δ ∂ ∂δ  + +  ∂ ∂ ∂ ∂ ∂ ∂ 

  

) �<:�� �� ��21:(  

)22(  

1

2 2
3

h /2
4

5 h /2
26

7
2 4

8
2 2 2

1
I z
I

zI
tan(mz) zyI

(z) dz
I z(tan(mz) zy)
I

msec (mz)
I

m sec (mz)I

tan (mz) 2zY tan(mz) z Y

−

 
 

   
   
   
   

+   = ρ   +   
   
   
   
   

 + + 

  

) [:��� 4��� ��	Q �:18) �(19( � )21( ) �<:�� ��14 7� ���?
,� � (

 )��N�	1
�� . >	��:{cA �	: {cAN��8� IE��8� �4��� ���	� b=�� > 

 9�� >�	: �8:�� �;�<
���6�
�  �: ��-�������� �= >�� 	: ��:	� >

 0�
,E� 	
�:�: I��J  �<:��)23( �� k�	G
,� :��	.  

)23(  

3 23
6 31 1

2 2 42 2 2

2

1 2

3 23
6 32 2

2 2 42 2 2

2

1 2

NN w
u :    I Y I I

x y x t x t t
u

            I 0
t

NN w
v :    I Y I I

y x y t y t t

v
           I 0

t

∂ ∂ θ∂ ∂ θ∂δ + − + − −
∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ =
∂

∂ ∂ θ∂ ∂ θ∂δ + − + − −
∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ =
∂

 

2 42 2
6 31 2

32 2 2 2

4 23 3
3 3

2 62 2 2 2 2

3 34 4
2 1

3 52 2 2 2 2 2

MM M
w :      2 I Y

x yx y x t

u v
              I I

y t x t y t t

w w
            I  I

x t y t y t x t

∂ ∂ θ∂ ∂
δ + + − +
∂ ∂∂ ∂ ∂ ∂

   ∂ θ ∂ θ∂ ∂
   − + + −

   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
   ∂ θ ∂ θ∂ ∂
  + − + −

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
2 2 2

1 w g2 2 2
w w w

            I K w K 0
t x y

   ∂ ∂ ∂
   − + + =
   ∂ ∂ ∂   

 

* * * 6 61 1
1 5 5

3 22 3
3 1

4 5 5 82 2 2 2

M PM P
:     y y N Q y

x x y y

u w
            I I I Y I 0

t x t x t t

∂ ∂∂ ∂δθ + − − + +
∂ ∂ ∂ ∂

∂ θ ∂ θ∂ ∂− + − − =
∂ ∂ ∂ ∂ ∂ ∂

 

* * *6 62 2
2 4 4

3 22 3
3 2

4 5 5 82 2 2 2

M PM P
:      y y y N Q

y y x x

v w
             I I I Y I 0

t y t y t t

∂ ∂∂ ∂δθ + + + − −
∂ ∂ ∂ ∂

∂ θ ∂ θ∂ ∂− + − − =
∂ ∂ ∂ ∂ ∂ ∂

  

2 2
* * 51 2

3 32 2

2
* * *5 6 4 4

4 4 4
2 3 3

3 32 2 2 2 2 2

4 3 3

22 2 2

QM M
:    y y R

xx y

N M Q N
                y 2y  y

x x y y y

w
              I Y  I Y

y t x t x t

w v u
               +I Y

y t y t x

∂∂ ∂δθ − − − + +
∂∂ ∂

∂ ∂ ∂ ∂− + + +
∂ ∂ ∂ ∂ ∂

 ∂ θ ∂ θ ∂ + − +
 ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂
 +
∂ ∂ ∂ ∂ ∂

2
3

72 2

3 32
1 2

6 52 2 2

I
t t

w
                I I Y 0

t x t y t

   ∂ θ
   − −

   ∂ ∂   
   ∂ θ ∂ θ∂
   + + =

   ∂ ∂ ∂ ∂ ∂   

  

4 - *�� LX7;  

 	���� )�� 7� N��8� IE��8� CW >�	:���?
,�  ��-  ~�Y 
,�

 �: T�:	� L:��� )�� 5��B
� >�=	��;U�� �: ���. � ��7 ��W ���: >

 � >7	� [��	- �� ���-�: .���� �����	: �� V
��, V��W ����8�  d	 

�� [��	-�� �=�. �� ���, �?��� 4��� �=> �: �� ���m:�A  I��J �<:��
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)24 (
 	. 	@� ��]9.[  7�� 4��� ��	Q) �<:�24 (�� IE��8�  N��8�

�?��� h�W	: �=> ���, � ���m:�A 7�,> IE��8� � N��8� C����	?��

 IE��8� ��1
,� 0� �: C���� ���� 	���6� ��,�S� �: �� ��- >	�A

�� 4��� ��P� k�	G
,� �� V
��, �8��Y a���	 .  

)24(  

i t
m nu(x, y) u cos( x)sin( y)eω= α β

i t
m nv(x, y) vsin( x)cos( y)eω= α β

i t
m nw(x, y) w sin( x)sin( y)eω= α β

i t
1 1 m n(x, y) cos( x)sin( y)eωθ = θ α β

i t
2 2 m n(x, y) sin( x)cos( y)eωθ = θ α β

i t
3 3 m n(x, y) sin( x)sin( y)eωθ = θ α β  

N��8� IE��8� >	�A ��1
,� �� ��  C�- �: 4���) �<:��25 (:
-��  

)25(  2[K]{x} [M]{x}= ω  

4� �� �� [K]  � �
G, a�	���[M]  q	A a�	�����
�= . 5��OP=

ω a���	  �� V
��, �8��Y >�= �: �� ��-�: 	���6� ��,�S�  ����

k�	G
,� �� ���	.  ����	:{ }x �:I��JT
1 2 3{u, v, w, , , }θ θ θ ]�	8�

�� ��- �: ���� c�� ���� ���	: 4� ����..  

  

5 - Y7��� * Z"�  

5 -1 - 
	�� ��@�C-  

����6� 	H�W ��� �m�, ���
e� >�	:  LA	� �� � 	H�W ��� 5�: >�

q�m��  ��- ] LA	� .
,�4 �
���
,E� >��U� ~�Y [�,  �8: LA	� � >

]1 ~�Y [��	@� �� �-	: q�� ���	�  >�7� �: �8��Y a���	  .��-�:

) �<:��26 (:� .
,� ��- �8:  

)26(  c ch / EΩ = ω ρ  

 `��
������  ��-  N��A ��2 k�� ���e� >�7� �:  ];
G�m,n  >�
,�� ��

�� 9�� �H	e � ���Y  �� ���: ��P �= k��� a�A 7� 9�� .�-�:

 4� R��K I�	��B��:  I��J ) �<:��27�� ( :�-�:  

)27(  
M C M p

ij ij ijijC (z) C (C C )(z / h 0.5)= + − +

M C M p(z) ( )(z / h 0.5)ρ = ρ + ρ − ρ +  

�<:�� �� )27 ( P��8:�� ���� 7� �PmW 	�� 4��� ���a� M  R��K

 � c;  �: T�:	���� a�C  0���	, �: T�:	� R��K��  >�	: � �-�:

�� ����� 	�7 s	- �: 	���6� ];
G� ���� ������� R��K :���	.  

  
m c

c 3 m 3
E 70GPa , E 380GPa, v 0.3,

3800(kg m ), 2702(Kg / m )

= = =
ρ = ρ =

  

  

P*�� 2-  Y7��� ;[�X ��<*  N�;� ]4[ ] *1�[b/h=2,a/b=1    

 
=4�P ��Y ��=�2� �� �� ��- ] LA�	� �: ����6� ��1�4 �:�K ~:�<� [

 7� 	H�W ��� `��
� 5�:��	@�  �: ���D;D���	@� �=.���� ��A� 	1�� >  

  

5 -2-  \��<;] 
��;�@^�1
  

 N��A ��3 4�P= ���.  ��=�2� ���� ��-  ���6�a���	   �8��Y

 L�7�� IE�W �P= �� 9���������� �=  �PmW 	�� b��c � �:�������� �= 

 b��c ���  .�:���:  � 5� �� 
;e �PmW 	�� b��c � �: �� �-�:

�������� �=  ���6��������� �=  b��c �� ��  b��c � c�� 9�� �
G, �m�
�

�� �:�� ��  9�� �8��Y a���	  b��c � �: 	m���� ��	.. 

P*�� 3-  9-.- �� 
1�@^ \��<;]a/b=1, h/b=0/1 �= K w =0 Kg   

  _��X   _��O  _��∧  _��UD   

CNTV 0.1=  

11Ω  0649/0  0721/0 0721/0  0721/0  

22Ω  2618/0  2876/0  2876/0  2876/0  

33Ω  5288/0  5732/0  5732/0  5732/0  

CNTV 0.15=
  

11Ω  0672/0  0760/0  0760/0  0760/0  

22Ω  2709/0  3021/0  3021/0  3021/0  

33Ω  5481/0  6019/0  6019/0  6019/0  

CNTV 0.2=
  

11Ω  0685/0  0782/0  0782/0  0782/0  

22Ω  2785/0  3097/0  3097/0  3097/0  

33Ω  5588/0  6173/0  6173/0  6173/0  

CNTV 0.3=
  

11Ω  0691/0  0790/0  0790/0  0790/0  

22Ω  2780/0  3121/0  3121/0  3121/0  

33Ω  5645/0  6231/0  6231/0  6231/0  

  

C�- �� 3  �4 q�� � N�� �8��Y a���	  I�	��B� h�W	:  
���


��� >�7� �: d	e �: 
��GH_�� L�7�� >�	: d	e �: N�Y >�=∧

 .
,� ��- V,�4�P= ��Y  ��=�2� ����  
��� b��c � �: ��-

 b��c � �8��Y a���	  d	e �: 
��GH��  �� 
,� 
;e 5�� �: �:��

 V� c�� 4� c�K �����e �: � E�: ���� �
?,�� : 5��OP= ��- b��c � �

 b=�� �8��Y a���	  d	e �: N�Y 
����� �:�� ��  b=�� 
;e �:

9�� 
��GH 
��� ���m �
?, b=��  9�� �
���
,E� b��c � ��

�� �-�:.  

P   ���(n, m)  ] LA	�4[ ] LA	�1[ 	H�W ���  

0  

)0�1( 5572/0  5572/0  5511/0  

)1�1( 9400/0  9401/0  9669/0  

)0�2( 5089/1  5090/1  5403/1  

)1�2(  7406/1  7406/1  8086/1  

  

5/0  

  

)0�1( 4828/0  4835/0  4753/0  

)1�1( 8223/0  8233/0  8385/0  

)0�2( 3326/1  3339/1  3472/1  

)1�2(  5410/1  5425/1  5848/1  

1  

)0�1( 4373/0  4375/0  4314/0  

)1�1( 7475/0  7477/0  7611/0  

)0�2( 2160/1  2163/1  2274/1  

)1�2(  4074/1  4078/1  4447/1  

4  

)0�1( 3577/0  3579/0  3653/0  

)1�1( 5994/0  5997/0  6361/0  

)0�2( 9587/0  9591/0  0154/1  

)1�2(  1036/1  1040/1  1917/1  

10  

)0�1( 3311/0  3313/0  3416/0  

)1�1( 5458/0  5460/0  5903/0  

)0�2( 8584/0  8588/0  9307/0  

)1�2(  9843/0  9847/0  0896/1  
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 L
�3-  P*- 
1�@^ \��<;] 0-;��B _�X;� 6@�� h/b  9-.- ��

6@�� �) `��T� 9a/bO4� L�]*;� 9-;� �∧ 
  

  
 L
�4-  a*, 
1�@^ \��<;] 0-;��B _�X;�  6@��h/b  9-.- ��

6@�� �) `��T� 9a/bO4� L�]*;� 9-;� �∧    

  

 C�- ��5  �8��Y a���	  I�	��B�h�W	:  d	e �: N�Y 
���

 >�7� �:7��L�  7� ];
G� >�=�������� �= C��- ��:	� >_��∧ _�� �X �

 _��O  �UD  .
,� ��- V,�4�P= ��Y  ��=�2� ����  b��c � �: ��-

�� b=�� �8��Y a���	  d	e �: N�Y 
��� 
,� 5�� 4� C��� �:��

 CPe 	�� ����P= 9�� ����  b=�� 4� �
?, � ����� ��:�.  

  

  
 L
�5- 
1�@^ \��<;] 0-;��B   6@�� _�X;�a/b  9-.- ��

]*;�L�  9�) �`��T�h/b=0/1  

  

 C�- ��6  �8��Y a���	  I�	��B�h�W	:  �: 
��GH 
���

 >�7� �: d	e7��L�  7� ];
G� >�=�������� �=L�7�� C��- ��:	� >∧ �

L�7��XL�7�� � O�  L�7��UD  .
,� ��- V,�4�P= ��Y  ��=�2� ��

�� �: 
��GH 
��� b��c � �: ��-�� b��c � �8��Y a���	  d	e-

�7�: 5�	�E�: 
��W �� 	= �� �� �:�� L�7�� �: T�:	� �����	  >X  �

5����  T�:	� 5�	��:  L�7��O ��  L�7�� �� 
,� 5�� 4� C��� .�-�:X �

 
,� ����� �S?J �: 
��� X���� 4��6
� L�7�� 0��: ��Y> ��  �� 	=

 �� ��� 
,� X���� 7� ��t ����A �A��K � �;K�� z<,7���L O  	=

.
,� X���� 7� ���K �A��K � �;K�� z<, ��  	���6� 5��OP=

L�7�� �����	  UD L�7�� 7� 	�E�:∧�� .�-�:  

  

  
 L
�6-  6@�� _�X;� 
1�@^ \��<;] 0-;��B h/b  9-.- ��

]*;��L �) �`��T� 9a/b=1/5  

  

C�- �� >�= 7  �8  h��	H >�7� �: �8��Y a���	  I�	��B�

���� �
G, ];
G� L�7�� >�	: ��.  X  L�7�� �O  .
,� ��- V,�

4�P= ��Y �� ��=�2� �� h�	H �� b��c � �: ��-K w�Kg a���	 

)�( 
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 b��c � �8��Y��  >�7� �: � �:��K w 10000>�Kg 1000> 5��

 5�� �: .��: �=��G� ���S� 	1�� �8��Y a���	  	���6� �� I�	��B�

 b��c � �: � ��	� CPe 	�  ����P= 9�� 	�7 �� 	
�: �� 
,� 
;e

 >	�  h��	H-	:� E�: 9�� �
?, �	
�: ���  b��c � �: 	m�� � ���

 9�� �8��Y a���	 �� ��	.  �� b��c � 5���:  �7����  �� ���� ����� >

 	1�� 9�� �
?, I�	��B� 5��\��.����� a���	  b��c � �� >	� 

  

  
 L
�7- ����=- ;��� _7;[ _�X;� 
1�@^ \��<;] 0-;��B K w

9-.- �� �Kg�`��T� O4� L�]*;� 9-;�O 

  

  
 L
�8-  0-;��B ;��� _7;[ _�X;� 
1�@^ \��<;]����=-K w �

9-.- ��Kg�`��T� O4� L�]*;� 9-;� X  

  

6 - �	��� 9;�:  

 �;�<
�� 9�� ��7� I�-�8��� �,�	: �: ����6� 5�� ���6� 
�  ��-

 �:���� ���� �= ��:	� > � 0�
,E� 	
�: 	: ���, ��. ���� �: 7� ���?
,�

 ���D;D� >E�: ���	� ���A >��U��
K��	�  ��- .
,�  ���	� >��U�

 	��, �: ����6� �� ���D;D� >E�:��	@�  � 
Q� 7� �-	: q	  	��B� >�=

 �� N�D� 4���e �: �����<: 
,� �����K	: ����Q C:�Q CW 
e	,

��	@�  �� �-���� z�S^� h�	H �: 7��� �-	: q	  	��B� N�� ���	�

 5�� �� �����W��	@�  
Q� 5��OP= .
,� ��- X*W z�S^� h�	H

 � ���: 	�E�: q�� ���	� >��U� �: 
��� )�� 5�� ����6� �� �:��	@� 

 
/Ac�� ���6� 5�� �� �� �-	: >E�: ���	� � q�, ���	��m�, 
SJ 

��- ���?
,� 
,� ���� 
Q� >���Q C:�Q� .�-����  �
�� 5�� �: �A��

 �� 
,� q7E >	�. ���: �� I�	��B� ne�: I��?
� >7	� [��	-

 �� �� >�S� �: ��	1�� �-�8��� >�=��� C�- � �8��Y a���	 

 ��7� ��. ���� �: >7	� [��	- �: `��
� ���	�. ��. ���� �: � ��K CQ��W

�,	�� ��K ���6� 5�	
2�: �:�� . ��6: ��. ���� I����	� _���� �=  `��
�

��� �� �<,� �W�  .��-���� 5��OP= �= ��. ���� 7� ����	� 	= 9�� ��

 ����?
� CW _�� �� �����<: ���� 5�� ��~�6S�  )�� � ���, ��. ����

.
,� �
 	. ��	Q �,�	: ���� IE��8� CW 
/A 	����  [:��� 
SJ

k�	G
,�  ��- 	@� �� CW )�� � �- �
 	.�  `��
� �: ����6� ��

`��
� �: �:�K ~:�<� � 
Q� ��A�� �� 4�2� �� 	H�W ���  .�=�

 >��8:� ];
G� >�=	
������;PA7� d	e �N�Y � 5��OP= � 
��GH

� L�7�� �: T�:	� ];
G� >�=	
������������ �= C��- ��:	� >

C� �	�  >�=U �O �X �∧ �9�� 
��GH >�
,�� ������ ,�	: � �

�8��<� �
 	.��	Q  �� 
,� ��-�: ;���Y 7� 	�7 V/� `��
� �4� �= 

�� 
-��	: :��-  

 -  b��c � �:PmW 	�� ��������� a���	   b��c � �8��Y�� �:�� 

C���: ��  �
G, q��S
,� � 9���-����.  

 - �GH 
��� b��c � >�7� �: �8��Y a���	  	���6� b��c � 
�

 d	e �:) 9��h/b(  9�� d	e �: N�Y 
��� b=�� �(a/b) .5��  `��
�

 ���P� >�	:7��L�  >�=�������� �= ��:	� >�;PA7� U �O �X �∧ 9��J

�� �-�:  b=�� � b��c � �
G, h��	� �: 4�Z�� ��:�.  

 -  L�7�� �: T�:	� �����	  	���6� 5�	�E�:X  ���5��  	���6� 5�	�

 L�7�� �: T�:	�O ��  _�� �A��K � �;K�� s�<, 4�Z �-�:X �t � �

 _��O �� X���� 7� ���K .�-�: 

 - a���	  	���6� b��c �  b��c � >�7� �: �8��Y�	H 	
�: h�

 0�
,E��: ��Y> >�7� �: ��K w 10000>�Kg 1000> �� I�	��B�

 ����: �8��Y a���	  	���6�b=�� .��: �=��G� ���S� � �
 ��  
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