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Abstract  
An analytical method for free vibration analysis of a cylindrical FG shell integrated by two thin piezoelectric layers is presented in 
this paper. The piezoelectric layers on inner and outer surfaces of the core could be considered as sensor and actuator used in 
controlling the characteristic vibration of the system. One of the innovations of this paper is that the piezoelectric layers considered 
as functionally graded materials. The First order shear deformation theory is used in order to model the electromechanical system. 
Nonlinear Equations of motion are derived by considering Von Karman nonlinear strain-displacement relations using Hamilton’s 
principle. The equations of motion are discretized by Navier method. Numerical simulation after linearization is performed to 
investigate the effect of different parameters of structure on the characteristic vibration of the system. Results of this study show that 
natural frequency of system would decrease by increasing FGM index of the core. Also increasing the thickness of core cause 
increasing the natural frequency of system.  
Keywords: Vibration, Cylindrical shell, FGM, functionally graded piezoelectric material (FGP). 
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��+ �F��� .��� �� .��� .�6 �   Cg6��� <B�g6 PXE 2��� �6 �� ��� 

0� 0���� 9� .� ��+ 	5� [	O �M  .  

 �T6�� �� 	U� ����;� ��)13( ;� :��O �6   �g6 �g� ��+�6 �� <	�? :B��

0� 2E   0��g� �� �M]	0q  �]
0q     :B��g;� :��gO �g6 ��)14(   �g6
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 �+�;��� P
��. -� :��O �6 P
��. �	E :B��;� 0���� ������
g.� 

.� ��+ 2����  g.�6 <�	6 . >��g�	  0����     9� P
g��. �g;��D <�gM

 �������� >�	��� (D)t6�T�  �T6��)15( �� ���N
.� ��+ :  

)15(   C � `��c   �9 � �,=�Bv	�>��B�C�                                 
>���	  �� �y�� 	���7� �)? �6 	6�	6 P
��. �;��D <�M   �����g��� >�	�

��6 ��M��U P
��.  .  

  

3 -    5&�: 5(�� ��I	  

>���	  ��.�4� ��5�� �6 P
��. �;��D <�M�� :��.�4� �  \	�

 ��A �MATLAB 
 	K \�X��.� �.  `M�y� �X�. 4O �6 ��
6�

�� �
U��	� 	_�E :��+  

  

3 -1- J,�0� ���� K�!  

 ��
6� �`M�y� 8�� �� �
 � ��� �6 (�� 4O �.�	6 <�	6

.� �
.�� -� <�	6 ���� .� �6 :B��;� h�	��A�� ��B -� <� ����


�� <9�. ���. �.� ���. <9	� a	+ 4� �/
�� �� �� ��  8��6 .��+

��B ��W_ /?  � �
 	K 	5� �� 	NO �6 	6�	6 �� -�	
����A�� <�M

 k��� H��� � �
����� 8��=RM�� �
 	K 	5� �� 6�i <��J A�� .��+ 

�� ��?�� ]��
� �6 `M�y� 8�� 9� 2O�E ]��
� >Y.  ����7� :B�7�

��  .���+  

 :��O �6 �����	  	
�����( )21f R / Eω υ ρ= − ��+ c�	;�  �

�� z�4� 	�9 t6�T� 6�i 	���7� 8��=RM :���+  

20 0 002 0 3 1 1L / R ,h / R . , . ,m ,nυ= = = = =  
 �� m?�	� �� ��+ �F��� ]��
� �6 �����	  	
����� �b�  	���7� <���� 	6

 H��?1 ��+ ����7�   :.�  

  

 L6��1- $!�9 J,�0� �2��=7M 70�'��� 5'7� f  6 ��	 7N0�� J,�0�  

����>]12[          

)��	5� qQ (  

����> ]12[          

(<�;6 �. 2E)  
P� ]13[  	_�E `M�y�  

0163518/0  0161011/0  0161011/0  0161065/0  

  

3 -2- O��=7M ���7� �,- ��. �0�1� 5�3 �+��% 4���  

 (�� �X�. 4O 9� >� 0���� �`M�y� 8�� �� �
 � ��� �6

>���	  ����
.� �
.�� �;��D <�M <�  �=�����. �
�M 9� ��+ 2��,�

�;6�� @��� )FGM( ��B �6 �;6�� @��� -�	
����A�� <�M )FGPM( 

�� ��	L �.�	6 ���� � .�	�K  

 H��? �� P
��. �.��M <�M	
�����2 ���� e��U �  H��? ��3 

.� ��+ �����B �� 	M . -�	
����A�� ��)I	4� � 	1�E(  :��O �6

 ���� 9� >�? PMPZT-4 .� ��+ �
 	K 	5� �� `M�� ��5�� �6 .

����A�� <�M ��B ��1RM�� ^�	_ 	i{� <�M	
����� 	5� �� 0���� -�	


.� ��+ �
 	K.    ] 14-16[.  

  
 

 L6��2- ����3 5�370�'��� 5(�� ��I	 �& �0M� ��= �� 

���7� �E�� �R� 

1 m ) u�;+R(  

2 m ) H�DL( 

10/0  m ) <A�	� �
.�� ��W_h(  

100/0  m ) I	4� ��B ��W_ha(  

100/0  m  ) 	1�E ��B ��W_hs(  
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	;� 9� >��.��M <�M	
����� � ���� e��U �  	�i�� �.�	6 �6 0���� �

�� 	6 c3
W� <�M	
����� P
��. �;��D >���	  <�� �
U��	� ��+ .

2�+ <�M 2-4 �
.�� ��1RM�� ^�	_ 	�i�� <�� 	6 �� �;6�� @��� <�M 

�. 	 ��� 0�,� P
��. H�� �;��D >�� �M�. �
.�� ��1RM�� ^�	_ 

 �6 <A�	�gf �
.�� ��1RM�� ^�	_ �  �6 -�	
����A�� <�Mgp  ���� 0�,�

.� ��+  .�� ��M�,� �� 0��=��  ��1RM�� ^�	_ `��A � �6 ��+

�� `M�� P
��. �;��D >���	  <A�	� �
.��  �6 	�� 8�� �� �6��

\	? 0�A�� `��A � ^�. �� 0� �	�  �6 ����7� �� P
��. 6�+� .

����R� 9� �� 0��=�� 8��=RM  �M��	6 ����  ��1RM�� ^�	_ `��A �

�
.��  P
��. �;��D >���	  �+� ^?�� -�	
����A�� <�M/? �6 

�+ �M��U P
��. �,RU �
N. `��A �.  

  
 $	2-   7�P�% �+��% 4��� &'1� ��8�3�� Q,7>7� @�;6'  O��=7M

2�� �+�IFD0  

  
 $	3-   7�P�% �+��% 4��� &'1� ��8�3�� Q,7> 7���6& O��=7M @

D02�� �+�IF 

  

  
 $	4-   7�P�% �+��% 4��� &'1� ��8�3�� Q,7> 7���1� O��=7M @

D02�� �+�IF 
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����� 9� ���  	6 ����� P
��. �;��D >���	 

�+�6 ��)K	i� ��W_ ��
.�� .� �M2�+ �� . <�M 5-7  	�i�� �.�	6 �6

� �
.�� ��W_ ����
.�� �6 <A�	 -�	
����A�� <�M )hf /hp( 

.� ��+ �
U��	� .��B ��W_ �RM� �.�	6 ��5�� �6  c3
W� <�M

-� �6 ��� �	1��  	K 	5� �� 6�i �9�. 2� ��W_ u�RX� � ��+ �


��W_ ��� 	��f� �6 �MD >���	  �.� �
 	K ��	L �;��T� ���� �;��. 

 ��W_ 8��=RM �6 � .� ��+ �
 	K 	5� �� 	6�	6 -�	
����A�� ��B ��

hp ..� ��+ ���� 0�,� 2�+ 9� �� 0��=��  <�M 5-7 ��	6 ��� �6 �

��A ���B �6 ��� <A�	� ��B ��W_ ` -�	
����A�� <�M  �. 	M 

	 �;��D >��� H��  `��A � P
��.�� �6�� 8�� 2��� . �� `��A �

P
��. �;��D >���	 � .� �9�. �
N. 0�A�� `��A � .   
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 $	6-  5<=7� �0�1� K��H> KI2� 7�P�% �,- K��H> ��  5�3

�,70;'6<�� )hf /hp (D02�� �+�IF O��=7M @��6& 7�  

  

9� 	1�� <�M	
����� �.��M �� 	6 >���	  �;��D P
��. ��)K	i� 

�.� ��� H�D ���3�. �6 u�;+ 0� �� �+�6 .2�+ 8 ��4� :�	��f� 

>���	  �;��D P
��. �6 	��f� ��� H�D ���3�. �6 u�;+ 0� �� 

<�	6 ��/Z ^�	_ ��1RM�� C��	� �6 <�//�B -�	
����A�� 0�,� 

�� �M� .0�RM ���K �� �� 2�+ 8 ��M�,� ���,�� `��A � ��� 

)L/R (^�. `M�� >���	  �;��D �� ��+ .8�� 0��6 /? .� 

�� `��A � ��� H�D ���3�. �6 u�;+ �0� ^�. `��A � 0�A�� 

<	�)Y �T;�� P
��. �M��U �+.  

  
 $	7-   KI2� 7�P�%�,- K��H> �� 5<=7� �0�1� K��H>  5�3

 �,70;'6<��)hf /hp( D02�� �+�IF O��=7M @��1� 7�  

  

  
 $	8-   7�P�% KI2�(L/R)  D02�� �+�IF O��=7M 7�  

 

4 -  J,�0� 
���7� 8�� �� � :�+�;��� ����9 �� �,M�y� �
.�� -� ��9�

 � �;6�� @��� ���� >�? 9� <A�	� �
.�� �6 ��B �. �=�����. ��B ��

�;6�� @��� ���� 9� ��+ �
U�. -�	
����A���  � ����� R. �� �� ��

�
 	K ��	L <A�	� �
.�� ���	6 ��� � ��5�� �6 ..� �
 	�)� \�X��

���X6�? 0���� c�O�� ���	5�  ���	� �+	6 �
 	K ��	L ���N
.� ���� H��

.� . 8
 	K 	5� �� �6:QR? 0�-U 	�V :��O �6 :B��;� 8���� �T

�4� � 0�
3���M 2O� 9� ���N
.� �6 �2����
� <x	�� � �,��? <x	�� ��.

.� ���� .� �6 �6 � �
 	K :��O :B��;� <9�. �TU >Y. .

 :��O �6 :B��;� 	���� (�� 9� ���N
.�������
.� \	   P
��. -�

.� ��+ �F��� �+�;���>���	  �
��/� .  ���� .�6 P
��. �;��D <�M

	�i�� � .� . �;��D >���	  	6 c3
W� <�M	
����� �;��T� ���� P
��

.� �
 	K ��	L� 8�� 9� ���� .�6 P/� ]��
� .9� ������J `M�y :  

1. 	_ <�� 	6 �
 	K :��O �.�	6  <�M ��B ��1RM�� ^�

�;6�� @����� 0�,� � `��A � �� �M� ��1RM�� ^�	_

2��� �6 P
��. �;��D >���	  `M�� ^�. <A�	� �
.�� 

�J	6 � �
N. �6 ��� \	? `��A �>�  `��A � ^�	_

��B �6 a�6	� ��1RM�� -�	
����A�� <�M� A � ^?�� `��

�+ �M��U P
��. �;��D >���	  . 

2. ?�� 26�L 	�i�� �3|�� �.��M <�M	
����� ��
 � 	6 �/

����� P
��. �+�;������ `��A � �6 .  <A�	� ��B ��W_

��B ��W_ �6 	
����A�� <�M-� )hf /hp(  �;��D >���	  �

 �6 � ��	� �+� P
��. `��A � u�;+ �6 ���3�. H�D ���

0� )L/R(� �;��D >���	   `M���� ��6�. 

 

5- �3&���  C ���	
��� ���X6�?  B -�	
����A�� 	�i�� ^�	_ )Cm-2(  E  ���	
��� 0����  �- <A�	� �
.�� ��1RM�� ^�	_  �� �
.�� ��1RM�� ^�	_ <�M -�	
����A��  
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ξ ) -�	
��� <� 6�iFm-1(  7 ) ���1Zkgm-3(  � 0�.��� ���  

O,1�7,(�3  H <A�	� �
.��  a  ( I	4� ) ���	�6 -�	
����A�� ��B  s ( 	1�E ) ����� -�	
����A�� ��B  

 
6 - K�1��  

  

����, ���, ���� � h ��
��
��� �����, �, ����� 

����, ���, ���� � h ��
��^��
�� �����, �, ����� 

����, ���, ���� � h ��
���
��� ��� �����, �, ����� 

�d�, d#, dS� � �pd�9S
9x� ,pd#9S

9x� ,pdS9S
9x� � 					= � H, >, ? 

��9f -, �9f -, �9f -� � h L9f-
8#
�8# ����1, �, �#�i�	 

��9f	 , �9f	 , �9f	� � h L9f	
8#^8Y
8# ����1, �, �#�i� 

��9f 
, �9f 
, �9f 
� � h L9f

�8#
�8# �8_ ����1, �, �#�i� 

��9f , �9f , �9f� � �p�9f 9
S
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