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1Egllivalent Elastic crack Model 
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2Cohesive Zone Model (CZM) 

Abstract 
Today, brittle and quasi brittle materials are widely used in the various structures such as aerospace structures, because of very 
low deformability as well as high strength and stiffness compared with their weight. There is a greater need for analysis of the 
brittle structures, with increasing application of these materials in the industries. In this paper first, the extended finite element 
method (XFEM)is applied to investigate the nucleation and crack growth mechanism of the brittle materials. Then, damage 
models based on cohesive zone models(CZM)are considered to predict initiation and crack growth. In the following, a number 
of benchmark problems are simulated; damaged and critical zones in them are predicted, using the ABAQUS commercial 
finite elements software. Finally, the numerical simulations results are compared with the experimental and theoretical results 
and validated. Comparison of the numerical and experimental results revealethat the stress-based damage criteria are more 
accurate than the strain-based damage criteria. Hence, it is concluded that in comparison with the stress-based damage criteria, 
using the stress-based damage criteria is more reliable in fracture prediction of brittle materials. 
Keywords: CrackGrowth, Brittle Materials, Extended Finite Element Method (XFEM), Cohesive ZoneModels (CZM). 
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1Extended Finite Element Method (XFEM) 
2Maximum Tangential Stress (MTS) 
3Minimum Strain Energy Density (MSED) 
4Enrichment functions 
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2Maximum Principle Strain (MPE) 
3Maximum Nominal Stress (MNS) 
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 D	3-  �-"����:1 (��4 �4 ��-��(���A ���	 N/1 )-� (U:1) 
D	

(�1WQ��4 / �'�A5. )-� (X) 

  

 N/��2- E�� Y5. )��71 �7/1� Z7��� (�=���,� [�-. ��	 ���4

��$1 E�5A 5KA1�< / ��$1 E�. 5KA1�< / ] �45�. �-��H Z7���18[  

β  Expθ 
]18[  

MPSθ Err% 
MPEθ  Err% 

0 0  0 0  0 0  

30 10/36  09/32 11/11  75/33 51/6  

45 60/49  45/47 33/4  22/47 80/4  

60 70/63  05/71 54/11  98/70 43/11  
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)(KN

FMNE

 

Err%  

)(KN
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Err% 

)(KN

FQNE
 

Err%  
  

0 99/3 91/3 01/2 40/4 28/10 70/3 27/7 50/4 78/12 72/3 77/6 47/4 03/12  

30  13/4 89/3 81/5  35/4 33/5 92/3 08/5 43/4 26/7 90/3 57/5 40/4 54/6 

45 12/4 86/3 31/6 65/4 86/12 84/3 80/6 71/4 32/14 83/3 04/7 46/4 25/8 

60 11/4 74/3 00/9 52/4 98/9 76/3 52/8 36/4 08/6 75/3 76/8 35/4 84/5 

 



 

 

�+
�� 

8
5�

,
 

��
Y

8 
(

��
 5�

 �
��

1

,�

 �7
 �

	�
 �

���
 �

� 


�
�+

 ... 

326 

  
                

 D	5- �4 ��7�54 ��7)	���V D	  

  

 N/��4- P1-I ����� ]19[  

���� A�zD4�  ���;�  

�
���
,<� O���)(MPaE  2960  

0�,��� R�	iν  38/0  

�44� ���-� =��>
,�)(MPa  50/70  

��+ �3�	;@)( 5.0MPam  96/1  

  

��L�� �7  �7 ���:���+ 5� ��+ W��
� 	7 ���+ ����5 	���� �,�	7

58����  ���:�30�60 �90 9: .��	3�� ���1
,� �K�� 8�	7 ?��@

 ���+ 8�:��� R��	� 	���� �,�	7 �,��: 	: 8�	7 8��).��7

����5 ��� 8�: A��1
O�\Y� ���7 ���+���.����>� �� 8� 5� 8�

 ��� /���� �� s��X  �� ��S�� s��X.��	. 

�>12 0��� �����	� 8��).��7 o��	+ 8�� 	7 �����
,� � 8�

���+0�\�� 5� 6�4
� 8��, 8�: 4: 8�I7�	. �� 8� ��

6�+6���� 0�4� O�\Y� ���+��.��	. 0�\: 6�+ �� �� ���.

o��	+ �� �,� sD4�  �0��;� CY �7 O�� ����� >� 8��).��7

	L� �� O�� Bz�  �
 	.=�� �7 8	
����� ����	� 8��).��7v
eM

�� B�	I�) �]7�� A��2 �7 	
����� ?�� ��,�>� ��>� .��	.18 (

��] �+�720[:  

)18(  













= −

v
II

v
Iv

e
K

K
M 1tan

2

π
  

  

  
 

 D	6-  �-"����:1 ���	 �4 ��7�54 ��7) (��4V  (U:1) 
D	

(�1WQ��4 N/1 )-�  /�'�A5. )-� (X)  

 �C\Y W��
� �7 �� ��+ 85�, ���+ 8�: ���\� �� N	� �+�]19[ 

.�:� �� 0�4�   

  

	���;�v
IK�v

IIK0��7 R��	� �7 ��J �� F�� A�+ R��	i �����

 ?�� .,� s��X �+	7 8��).��7 ��J � s��X �44� 8��).��7

) o7��� 5� ���1
,� �7 	���;�19) � (20�� ��,�>� (:���+  
 

)19(  
1

1
0max

1

2 1

w

r
K v

I +
=

−λσπ
  

)20(  












−
=

−

−

→
])/(1[

)0,(2
lim

22

2

0

0

1

λµ

λ
θσπρ
rr

rr
K r

rr
v
II  

  

 o7��� ���|� 1λ�2λ�2µ�1w�K�� �7 �� ��
�: ��\� 	���;� 

 B�	I� ���+ �,��: �7�	.�� � �] ^K	� ��20�� ��K�� [+�7�.�

maxσ����� 9�C�� =��>
,� �0r����+ 8�-
�� ~�I+r G�	� �C2� 

� 	t���J �44� F�� 6>� �� ���+ M��>��)0,(rrθσ F�� ���;�

 6�+.,� s��X =�� ��� 8��).��7 ��J �� 	t���J �+	77 .

 � ��S�� 	��� ����;�  

  

  

D	7- (��� ��'	 �1 D$�< Z7��� (U:1) �7��� +�,9/  

 �45�. Z7��� (X)/]19[  

 
 6�[ 0��5� ����\: F�	�	t���J �C2� F�� 	t���J���I� �� �-��

[  �C2��� N	� �+� 	��� ���7 F�� �7 ���  ���I� ��	: .��+�7

 �
,�� �7 �� 8��). ��7 BC
D� o��	+ �� N	� ����5 	��{� F��

.����\� �� ���7  8�	7 o��	+ �� N	� �+� 	��� G�� �: ���I� 	��,

����\� �� ���7 F��  �
,�� �7 �� 8��).��7 BC
D� 	��, 8�	7.

 �+� 	��� G�� �:���I� .��+ sD4� �	  F�� A��2 �7 N	�

� BC
D� 8�: ���I� o,�� ��+ ���7 F�� 8�	��  �7 0� ����;�

� BC
D� 	���;�  �7	S� 	���;� �7 0� ����;�]19[ 8�5� �7  8����5

���  ���+90.60.30  O��K �� �K��5  ,� ��+ ���� 0�4�

.����I� � O��K ?�� �7 U7�] ��+ �
+�� F�� ���� 	7 �� ���: 5� ���

4�	� 8�:���I� �7 ��� 8	
4�7 [��X	7 �����  �� ����5��.��+�7

 8�:90.60.30  R��	� �7 �]X 	t���J �K��93/30.43/18 �09/22 

 �3\: �� ,� �2��0�  .��+�7 �� �4�	� 8�:���I� �� �: ?�7��

 �7 ��� 8	� O��[ 67�[ [� 5� ��+ ���	>7 ��7 �4�� 8�:���I�



 

 

 

 

CY
�i

	�
 

�	z
�

�� 
K�

J 
��

:	
  �

� 
���

V�
7�

� 

327 

�X	7 �4�	� 8�:���I��������7 U7�]� .  O��K6  �� �]X 	t���J G��
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-7 [� 5� ����5 � ��+��S��  N	�
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                           N/��5- E�� +�	 (/5�� Z7��� ��7�C� �45�. �-��H Z7��� �4 U��^� (�=���,� [�-. ��	 ���4]19[  

 
 N/��6-E�� Y5. )��71 �7/1� Z7��� (�=���,� [�-. ��	 ���4

 E�.  5KA1�<] �45�. �-��H Z7��� �4 ��$1 E�5A 5KA1�< / ��$119[  

  

      

5- ����� Q�5(  

�7 ���
7� F:�q� ?�� �� ����K =G����� �,�	7 ��L��  �� N	� �+� � ��5

�I,�� ���>� M�GK� (�� 5� ��	� ����  ���1
,� �
 �� �PQ, .�+

O�� O�� 8���� 	7 R�,� 8�: �7 �����@ ��J�� 8�:  ��S�� ���I� 0���Y

 �
 	. 	L� �� N	� �+� �7 ������ �� .���+�  5� ���1
,�

=	� ��G �ABAQUS���+ 0��5� 6T��� 5� 8���I� �  UV��� �����	. 85�,

,��R ���� 0� �� ���	>7 � F�� �:  ���7�	X� �� .�+ W��
�  5� 62�J

���+ 85�,  �S�,���
Y� � ����;� 8��Z� � �7	S� W��
� �7 8��Y 8�:

  W��
� .���	.�7,�  5� �����+�� 5�,8 �:  8�:���I� �� ��\� ���+�

[� 5� �4��  67�[O��[ 	� ��,�>� �� �4�	� 8�:���I� �7 ��� 8

�� �����X	7 N	� ��S�� ����5 � ��+ 8�	�� .��+�7  

  

α2
  

β  ExpF

]19[ )(KN

FMPS

  

Err%
 )(KN

FMPE

  

Err% 

)(KN

FMNS

  

Err%
    

  )(KN

FMNE

  

Err% 

)(KN

FQNS

  

Err% 

)(KN

FQNE

  

Err%  

30  
  

0  10/6 19/6 48/1 48/7 62/22 05/6 82/0  48/7 62/22 05/6 82/0  50/7 95/22 

30  
  

5  90/5 03/6 20/2 17/7 53/21 89/5 17/0  28/7 39/23 89/5 17/0  32/7 07/24 

30  
  

10  40/6 12/6 38/4 30/7 06/14 98/5 56/6 40/7 63/15 01/6 09/6 42/7 94/15 

30  
  

15  15/6 98/5 76/2 12/7 77/15 83/5 20/5 21/7 24/17 85/5 88/4 24/7 72/17 

30  
  

20  40/5 83/5 96/7 95/6 70/28 69/5 37/5 05/7 56/30 65/5 63/4 07/7 93/30 

60  
  

0  20/5 98/4 23/4 93/5 04/14 86/4 54/6  00/6 38/15 87/4 35/6 00/6 38/15 

60  
  

5  10/5 96/4 75/2 01/6 84/17 87/4 51/4 01/6 84/17 88/4 31/4 02/6 04/18 

60  
  

10  10/5 97/4 55/2 98/5 25/17 85/4 90/4 98/5 25/17 85/4 90/4 98/5 25/17 

60  
  

15  10/5 99/4 16/2 01/6 84/17 89/4 12/4 04/6 43/18 88/4 31/4 02/6 04/18 

60  
  

25  40/5 24/5 96/2 29/6 48/16 14/5 81/4 34/6 41/17 26/5 59/2 22/6 19/15 

90  
  

0  50/3  43/3 00/2 09/4 86/16 34/3 57/4 12/4 71/17 34/3 57/4 13/4 00/18 

90  
  

5  70/3  51/3 14/5 24/4 59/14 42/3 57/7 25/4 86/14 45/3 76/6 26/4 14/15 

90  
  

10  90/3  55/3 97/8 28/4 74/9 50/3 26/10 33/4 03/11 51/3 00/10 36/4 79/11 

90  
  

20  30/4  29/4 23/0  22/5 40/21 18/4 79/2 22/5 40/21 19/4 56/2 25/5 09/22 

90  
  

25  50/4  53/4 67/0 38/5 56/19 43/4 56/1 47/5 56/21 46/4 89/0  46/5 33/21 

α2  β  Expθ MPSθ  Err%
  

MPEθ
  

Err%  

30  0  0  0  0  0  0  

30  5  33/9  50/8  90/8  81/13  02/48  

30  10  71/18  31/16  83/12  03/26  12/39  

30  15  09/28  32/27  74/2  28/35  60/25  

30  20  48/37  12/35  30/6  94/37  23/1  

60  0  0  0  0  0  0  

60  5  46/7  14/8  12/9  01/11  59/47  

60  10  72/18  67/18  27/0  39/28  66/51  

60  15  23/26  17/29  21/11  42/36  85/38  

60  25  99/44  23/40  58/10  59/42  33/5  

90  0  0  0  0  0  0  

90  5  40/8  20/9  52/9  05/12  45/43  

90  10  85/16  05/18  12/7  70/29  26/76  

90  20  11/28  29/28  64/0  89/35  68/27  

90  25  74/33  45/36  03/8  63/40  42/20  
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