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Abstract 
Cellular solids are extremely used in aerospace industries and civil infrastructures due to their low weight/strength index that leads to 
decrease in total weight and fuel consumption. Determination of mechanical properties of these structures is absolutely essential for 
structural design fulfillment. In this paper the calculation of in-plane elasticity properties of elliptical cell honeycomb composite 
structure is investigated. In this regard at the beginning, by using free body diagram of the smallest repeating unit of cell, the forces 
and moments applied on unit cell are obtained; and then by using strain energy theory and Castigliano's theory, the in-plane elastic 
constants are obtained. For validation of theory results, by using the ABAQUS finite element program, the elliptical honeycomb is 
simulated and by using normal and shear loading conditions and obtaining stresses and strains, the elastic constants are calculated 
and compared with theory amounts. The results show that the relation of the macroscopic Young's modulus and the macroscopic 
shear modulus are directly proportional to the thickness of the cell wall and inversely proportional to the small diameter of the ellipse. 
Keywords: Honeycomb, Elasticity properties, Castigliano's theorem, strain energy. 
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5� �.  ��GT

����92�
5�� �.
5� ;��>���� �:  S'S�� � T							 S'S�� � T							 S'S�� � 0 )9( 

 _��� S��� ����5�	��� :�
5�� ��x  S�95 :����A ��R :�	.

:�. 
5� 	.�	. :�G�.  

,�∗ � ��;� 				, �� � ��  ��√3� 					, ;� � T� )10( 

 :�
5�� �� �L�� ,�H�� S�M �G�. ����0� �. �8�� �. �� ��/ �8��

x  	.�	.a  :�
5�� �� �y  	.�	.√3� .�/ �;��> �.  :��)2��8 �U.��)2( 

 �U.�� ��)10(�  �
���
5R� S����. ��. �;��> 	.�	. ����5�	���:  

,�∗ � ��  ��√3T 1√1 � �� )11( 

� ��
�C� �U.�� A� ���I
5� �.  :�;)7-11(  	���@���  ���  �,�∗ �. 

 
5�;��>���� �:  

�� � V� T,BC	%1 � >�&�C 	 , �� � V� T,BC	%1 � >�&�C	, 
	,�∗ � V ,BC	%1 � >�&�C )12( 

                                                           
2
 moment of inertia (or second moment) of a plane 
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 �� O�� �U.��V�  �V�  �	V \�
.�� ���� ��/�.  :�	. �6�� 	���@�

l9
`� :�; ^�	� A� k�	>  S��8 ��1 .
5� ��/ ���� ,�3�  

  

,4�� 1-7F3�:� �+ J+0)O ���< J�3WX  
WY  4	W  ,4�� (07+

 (���0� �3 ����.0x ()*�+ ,)�� (�)-�� ��. 
e  V� V� V 

0 2129/1- 635/15 329/8 

1/0 2092/1- 573/15 334/8 

2/0 1976/1- 38/15 357/8 

3/0 1776/1- 051/15 396/8 

4/0 1477/1- 568/14 454/8 

5/0 1054/1- 903/13 531/8 

6/0 0467/1- 01/13 633/8 

7/0 96438/0- 808/11 766/8 

8/0 84374/0 - 134/10 939/8 

9/0 64743/0- 5712/7 170/9 

99/0  23177/0 -  5458/2  470/9  

2 -2-  M�6 N7L� �3 ()*�+ ,)�� (�)-�� ��.

 ��)
�47=���Z 

 :�
5�� �� :��3  :��)7��. A� ���I
5� �.y  � ��R �
��
5R� S���

 :����A 
5�. �
5�� O�� ����� �;��> . ��-�/4�  S�95 ��A� N�	7���

 ����5�	��� B�� m	0� �� :�G�. S�95 :����A ��R 4� �L���4  

 -�/ O�� ��  .
5� ��/ ���� ,�3�P �� �8��> ���H<� :�	���/�..  

  
 E
	4- �7
��  �3�#��0 ()*�+ ,)�� (�)-�� ��. �F �G04 ,)�� 30�<

 (���0� �3 ����.0 ,4�� �-��"� (07+ ��	y ]1[  

  

S��0� ����0� A� ���I
5� �. �. v�.	� s.��� � �; ���
37 
5�.

��;��> ��� : �� � �� �\	�%1 � sin �&	 �� � ��� �\	� sin �  �	�	%1 � cos �& �� � ���  \	�]1 � √3^  ��2  
)13( 

A� ���I
5� �. ����92�
5�� ��GT  	.�	. 
��L O�� �� �; ���C.�8 ,�^��

��;��> �. ��.: S'S� � T							 S'S\ � 0							 S'S�� � 0 )14( 

 ��L�� S�95 ��0.� �. �8�� �. _��� S��� ����5�	��� :�
5�� ��y 

.� h��1 O�� �.��� �;��> 
5� ��:  

  

	�4 � �� 					, ;4 � T√3�	 
→	,4∗ � �4;4 � √3	��T	� � √3	�T 	D1 � �� )15( 

 �C�
� ��  �. N�C�� 	���@� h��5�Q��  �\  �,4∗ �.
5� ��;��> 

���: 

� � _� T,BC	%1 � >�&�C 	 , \ � _� T,BC	%1 � >�&�C	 
		,4∗ � _ ,BC	%1 � >�&�C 

)16( 

 |�  �U.�� ��_�  �_�  �	_ \�
.��  �6�� 	���@� �� ��
�;.e�L 	 

 
�^�	� A� k�	>��  S��82 .
5� ��/ ���� ,�3� 

 ���	@� -�/ :�	. �
5� 	�n �. NAR 
5�� s>)� ` 1 S��� (

 :�
5�� �� _���y .��� -�� 	I1 
H5 -��� .����� 
5� O�� ,� �

 �L�� S�95 -�/ 
5�� s> �. -�����/ �;��>  :�0. 4� ����� �)� �

����/ :�
5�� �� _��� S��� �C�
� �� .y  
5� A� �� ��> 	�\���� -

�;� �� -�� 	I1 
H5 �. �.���  

  

,4�� 2- �+ 7F3�:� J+0)O ���< J�3aX  
aY  4a  ,4�� (07+

 (���0� �3 ����.0y ()*�+ ,)�� (�)-�� ��. 
e  _� _� _ 
0  7865/4  4604/3  329/8 

1/0  726/4  4351/3  14/8 

2/0  5453/4  3587/3  71/7 

3/0  2468/4  2296/3  01/7 

4/0  835/3  0443/3  08/6 

5/0  3169/3  798/2  97/4 

6/0  7033/2  4826/2  74/3 

7/0  011/2  0854/2  48/2 

8/0  2685/1  5849/1  31/1 

9/0  5334/0  9383/0  4/0 

99/0  0216/0  1274/0  005/0  

2 -3-  �	7+ (�0PQ��+ N7L� �3 ()*�+ ,)�� (�)-�� ��.

RK�2  

 ��R �L�� S�95 �/	. S��� =��> �/	. :��)7��. A� ���I
5� �.

 :����A �.
5� ��� �;��> . �� -�/5  :����A ��R 4� �L�� S�95

 �� :�G�. S�95 =��> �/	. :��)7��. m	0�
5� ��/ ���� ,�3�.  ��

 -�/ O��P�  ���  �H �� �8��> ���H<� :�	��.��/�. 

 :�; -�/ A� ���I
5� �.2  �5 O��gH; �  ����0� � S��0� ����0�

:	
�����  �; ���
37 ��G�.�.:��� ��;��> 
5�  

)17(  

�� � ��	� cos � 		, �� � \	� sin � � ��	�	%1� cos �& 
\ � ��  ��√3 �� 
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 E
	5- �7
�� 30�< ,)�� �G04 �F ��. (�)-�� ,)�� ()*�+ �3�#��0 

��	 (07+ �-��"� ,4�� �	7+ �3 �"#$ x-y ]1[  
  

�U.�� A� ���I
5� �. 7 e�L	. �3�	� :[	�� ����0� ���  ��� �. 

 ����92�
5�� ��GT A� ���I
5� �. .��� �;��> 
5� �� �; ���C.�8 ,�^��

 	.�	. 
��L O����;��> �. ��.: S'S�� � ∆					, S'S�� � ∆ )17( 

 	���@� ����92�
5�� ��GT S�H<� �.��  ���  �..��� ��;��> 
5� 

 	.�	. :�G�. S�95 :����A ��R :�	. ����5�	��� 
��L �� �/	. S���

:�. 
5�  

c�4∗ � 5< )18( 

 -�/ �. �8�� �.5�  B�	� � B�� �/	.�.��� ��;��> 
5�:  

5 � ��  ��√3� 					, < � ∆� )19( 

 �C�
� �� :�; �U.�� A� ���I
5� �. �/	. S���)19(  �)20(  
5�.

 :��� �;��>  

c�4∗ � 5< � ��  ��√3∆ %;  1& )20( 

N�C�� �. h��5�Q��  	���@���  ���  �c�4∗ �. 
5� ��;��>���: 

�� � d� ∆,BC	%1 � >�&�C 	 , �� � d� ∆,BC	%1 � >�&�C	,		 
c�4∗ � d ,BC	%1 � >�&�C 

)21( 

 |�  �U.�� ��d�  �d�  �d  �� �6�� 	���@� �� ��
�; 
.�\

 S��83 .
5� ��/ ���� ,�3�  :�	.� ` 1 �� �ZLq� �� ��/ S���

�� -�� 	I1 
H5 �. �/	. s> 4� �. -���� �L�� S�95 ,�V ���

.�/ �;��> 
5��  
  

,4�� 3- �+ 7F3�:� J+0)O ���< J�3eX  
eY  4e  ,4�� (07+

()*�+ ,)�� (�)-�� ��. �	7+  

e  d� d� d 

0  6448/4  668/0-  3/2 

1/0  5903/4  6593/0-  28/2 

2/0  4272/4  6335/0-  23/2 

3/0  1565/4  591/0-  15/2 

4/0  7806/3  5324/0-  04/2 

5/0  3029/3  4589/0-  89/1 

6/0  7291/2  3723/0-  7/1 

7/0  0689/2  2754/0-  44/1 

8/0  3406/1  1724/0-  12/1 

9/0  5867/0  0718/0-  68/0 

99/0  0245/0  0028/0-  08/0  

2 -4 -  M�6 N7L� �3 ()*�+ ,)�� (�)-�� ��.

 ��)
�47=����   ��)
�47=�� (���� M�6 4�Z 
 ����5�	��� B�� A� ���I
5� �.��  :A�C� B�� ��4  }<�. ��

 :A�C� ��. ��C��H ����/� ,�5��� e�	K >�4∗  :�G�. �L�� S�95

 .��� �;��> 
5�.N�	7��� ��A� S�95 �L�� 4� ��R :����A S�95 

:�	. :�G�. ��5�Q� e�	K ,�5���  -�/ ��6 .
5� ��/ ���� ,�3� 

 �-�/ O�� ����  ���  � ��
�; �8��> ��/ S�H<� �0T�� :��)7��.H 

�� ��/ S�H<� �8��> :A�C� ��..�/�.  

  
 E
	6- �7
�� 30�< ,)�� �G04 �F ��. (�)-�� ,)�� ()*�+ 

�3�#��0 ��	 (07+ �-��"� TF7> �)�0)� �3 �"#$ x-y ]1[  

  

 � S��0� ����0� A� ���I
5� �. O��gH; -�/6� �; ���
37 s.��� �. -

��� ��;��> 
5�:  �� � �� � ���%1 � sin �& �� � ���  \�%1 � cos �&  ���fgH	� 
�� � ���  ��� #1 � √32 $  √32 ���  \�2  

)22( 

�U.�� A� ���I
5� �. :�; )7(  �)23(� �3�	� :[	�� U  e�L	.�� 

 ���   �\ �. 
5�;��>� A� ���I
5� �. .��� � �3�	� :[	�� �U.��  ��GT

����92�
5��� @������ ��;��> 
5�. �; ���C��8 �:  S'S\ � �∆						 S'S�� � T						 S'S�� � T					 S'S�� � 0 )23( 

 ,�5��� e�	K>�4∗  	.�	. :����A ��R :�	. ����5�	��� 
��L ��

:�. 
5�  

>�4∗ � �;4;� )24( 

 -�/ �. �8�� �. O��gH;6  ��; ���C.�8 � B�	� ��;��> 	.�	. �;

�. ��.:  

;� � T�			,			;4 � ∆√3� )25( 

 �C�
� �� ,�5��� e�	K �U.�� :�; �U.�� A� ���I
5� �.)25 ( �)26( 

�. ��. �;��> 	.�	.:  

>�4∗ � �∆T h �√3�i � �∆√3T j 1√1 � �� )26( 

 h��5�Q� N�C�� �. 	���@���  ���  �H  e�L 	.T  �∆ �.
5� 

��� ��;��> ,��� -�� �. .H  O�. �U.�� 	I1 
H5 �.T  �∆ �. 
5�

��� �;��>.  
��� O
/�� �.∆  �.T ^�	� A� k�	> ���@� O��gH; �: �

 ,�5��� e�	K>�4∗  �U.�� A�27  .��� �;��> 
5�.�� S��8   ]��
�

:�G�. S�95 :����A ��R ,�5��� e�	K �. v�.	�  A� k�	> :�	.

^�	�: l9
`� :�;  ,�3��
5� ��/ ���.  
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^�	� A� k�	> :�	.:  A� 	
7�^. :�;7/0  	���@��. :�	. ���� 
5� >�4∗ �� �I����/�. :�	. .� 	���@� ,���� 
5�>�4∗  ��R :�	.

:����A ^�	� A� k�	> �. :�G�. S�95 :�;:  A� 	
7�^.7/0  -�9Q� A�

.�/ �;��> ���I
5� :��<  

 
,4�� 4- �)�0)� TF7>�+J�3  ���<k�Z∗  ,)�� (�)-�� ��. (07+

()*�+  

e  ∆T 
>�4∗  

0  4/1-  808/0 

1/0  38/1-  8/0 

2/0  344/1-  79/0 

3/0  27/1-  77/0 

4/0  163/1 -  732/0 

5/0  1-  66/0 

6/0  759/0-  548/0 

  

  �C�
� ��	� X�	��� ,��. ,��@
� A� 4���	������ ���� 4� :�	.

����/ ��:  

)27(  ,�∗>4�∗ � ,4∗>�4∗  

 �.:�; S��8 A� ���I
5� 1 �2  �4 � O��gH; �U.�� 28 e�	K �

,�5��� >4�∗  ���.
5� ��� �;��>. ��  S��85  ��/ ��5�Q� 	���@�

 ,�5��� e�	K>4�∗ ����5�	��� 
��L ��  S�95 :����A ��R :�	.

 ^�	� A� k�	> e�L	. :�G�..
5� ��/ ���� ,�3�  

  

 ,4��5-  �)�0)� TF7> �+ U)+7� VF���kZ�∗  ,)�� (�)-�� ��.

()*�+  

e  >4�∗  

0  808/0 

1/0  81/0 

2/0  85/0 

3/0  92/0 

4/0  01/1 

5/0  13/1 

6/0  26/1 

3 - ���� ��-�@0  

�. ��Z�� ,�3� ,��� 
Q1 ]��
� �.
5� ���� A� -�9Q� :��< �. 

���I
5� A� N	� ��^ � ABAQUS  ���@� O��gH; �" 4�
5R� P��>

] :�G�. � :�	��� S�95 :�; :����A ��R :� �QI1 ,���1 [" ���I
5� 

�/ �;��>. A� ��C�5 ���
<� ��Z�� �. P��> ���� �9� O9��� �. S��� 

�
���
5R�  (GPa)9/0 � e�	K ,�5��� 4/0 ���I
5� ��/ 
5� .O�� 

���� �� 
>�5 ��R :����A �; �. 	M�> 
���@� �� -.�@� �.	K �R�. 

	��f� -�/ �0K�� �c�> 
���@� ����	7 �e5��� 
H�T ?� �� -.�@� 

	H< ����A ,A� 4�5 � ��V 
�1�> 	2�� �	.��� ����.  

  

  

  

3 -1-  �0 �3�#��0 �+ ���� ��-�@0(3�@ E��"6  

:�	.  A� :��< -�9Q� N�C����R :����A �. 9×6 S�95 �
>�5 ��/ A� 

�� ,�H�� 	�� �8�� 2 )���/�H��1 B22  (� �8�� 3 )	9���-����	.2 

B23  (���I
5� ��/ 
5�. �. �C�5 ���
<� ��Z���. ���I
5� A� -�9Q� 

:��<� ��,��� ��R :����A �� �� m	0� s��	/ :A	� ���C.�8 ��	T 

���� � �. ��5�Q� B�� �; � B�	� �;� 
.�\ :�; �
���
5R� �. �� 
5�

W���� O�� XY5 ]��
�  ���. @����	 -�9Q� A� ���� 
5�. :	Z�  ����@�

�	�.  

�. ���I
5� A� �� :��)7��. �33� �� :�
5�� x � :�
5�� y � �. -


5� ,���� B�� �; � B�	� �; �� 	; �
��L 4 S�6C� �. ���I
5� A� 4 

����0� B�� -B�	� ��5�Q� ���/�� .O��gH; S��� �/	. ��R :����A 

�. ���I
5� A� :��)7��. �/	. =��> �.
5� ��� �;��> .a�HC� :�;�	�� 

X�< -H0�� �� 4� 
68 P�> ?��@� 	. ��L�� ����5�	��� �� O�� 

�;�	�� 	. ,� -H< ������ 	.�	. B�� ����5�	��� �;��> .��. �U.�� 

B��-B�	� �� 
��L ����5�	��� :�	. ��R :����A �.  O��h��1 

�� ��. �;��>:  

h�E`3� �5��; ��/ �
 	7 	Z� �� ��R :����A S�95 :�G�. 

 :��< -�9Q� :�	.�.  S��8 h��16 ���/�..  

  

 ,4��6- 3�L+0 ����D U)+7� �+ ��. (�)-�� 9×6 ,)��  (07+ ()*�+

(3�@ E��"6 
e  �%dd& �%dd& �%dd& 
0  2  2  05/0  

1/0  2 99/1  05/0  

2/0  2  959/1  05/0  

3/0  2  907/1  05/0  

4/0  2  833/1  05/0  

5/0  2  732/1  05/0  

6/0  2  6/1  05/0  

7/0  2  428/1  05/0  

8/0 2  2/1  05/0  

9/0 2  871/0  05/0  

99/0 2  282/0  05/0  

  

:�8 �.:��)7  S��8 �5��; h�E`3�6  O9��� �9� ���� P��> �

 :���� s.��� ���.
5� @� ������� �
.�\ :�;  4�
5R� -�9Q� �. v�.	�

 P�> s��	/ O�� :�	. :�����.
5� ��� ��;��>  �� ,� 	���@� ��

 S��87 ,�3� ���� 
5� ��/.  h��1 �. :��< -�9Q� �. v�.	� ]��
�

 S��88  S��8 �9  ,�H�� �� :�	.B22  �B23 �.
5� .
5� ����  

  

  

                                                           
1 Timoshenko (quadratic) beam elements (B22, B32) 
2 Euler-Bernoulli (cubic) beams (B23, B33) 

)28(  7 ���45�4: � lm
mm
mn

,�∗1 � >�4∗ >4�∗ >�4∗ ,4∗1 � >�4∗ >4�∗ 0
>4�∗ ,�∗1 � >�4∗ >4�∗ ,4∗1 � >�4∗ >4�∗ 0
0 0 c�4∗ op

pp
pq 7 ;�;4<�4: 
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 ,4��7- :��0 �J+�O (�D  VF��� �0 �3�#��0 �+ ��	 �-��"� ����.0

(7X�  

e  ,�%MPa&  ,4%MPa&  c�4%MPa&  

>�4∗  >4�∗  

0  139/0  139/0  038/0  8/0  8/0  

1/0  141/0 138/0  038/0  8/0  81/0  

2/0  148/0  137/0  039/0  79/0  85/0  

3/0  161/0  135/0  041/0  77/0  92/0  

4/0  183/0  132/0  044/0  73/0  01/1  

5/0  219/0  128/0  048/0  66/0  13/1  

6/0  282/0  122/0  055/0  54/0  26/1  

7/0  402/0  114/0  066/0  -  -  

8/0 692/0  101/0  086/0  -  -  

9/0 853/1  08/0  137/0  -  -  

99/0 47/56  029/0  477/0  -  -  

  

 ,4��8- ,4�� 4 �	7+ ,4�� 
�������.0 TF7> �)�0)� 

��)
�47=�� �+J�3 ���< �0 E��"6 (3�@ (07+ ���K0 B22 
e  ,�%MPa&  ,4%MPa&  c�4%MPa&  >�4∗  >4�∗  

0  13/0  13/0  032/0  8/0  8/0  

1/0  132/0 118/0  032/0  8/0  81/0  

2/0  132/0  118/0  034/0  78/0  82/0  

3/0  14/0  118/0  035/0  74/0  88/0  

4/0  156/0  118/0  04/0  69/0  95/0  

5/0  186/0  108/0  041/0  62/0  06/1  

6/0  239/0  104/0  047/0  54/0  23/1  

7/0  341/0  097/0  056/0  43/0  52/1  

8/0 575/0  086/0  074/0  32/0  12/2  

9/0 506/1  066/0  113/0  17/0  91/3  

99/0 19/30  02/0  407/0  02/0  5/31  

  

 ,4��9- ,4�� �	7+ ,4�� 
�������.0 4 TF7> �)�0)� 

��)
�47=�� �+J�3 ���< �0 E��"6 (3�@ (07+ ���K0 B23 
e  ,�%MPa&  ,4%MPa&  c�4%MPa&  

>�4∗  >4�∗  

0  18/0  18/0  052/0  7/0  7/0  

1/0  183/0 179/0  052/0  7/0  72/0  

2/0  196/0  179/0  053/0  69/0  72/0  

3/0  209/0  175/0  057/0  65/0  78/0  

4/0  237/0  169/0  06/0  61/0  85/0  

5/0  283/0  164/0  066/0  55/0  95/0  

6/0  363/0  156/0  076/0  48/0  1/1  

7/0  516/0  147/0  091/0  39/0  36/1  

8/0 688/0  129/0  11/0  33/0  75/1  

9/0 565/1  076/0  139/0  18/0  72/3  

99/0 76/30  02/0  45/0  02/0  25/31  

  

 �� :�; -�/7  �8  �. v�.	� ]��
� ����@�
.�\ :�;  �
���
5R� ,�  �c�4  
��L �5 :�	. :��< -�9Q� ]��
� �:���� -�9Q� ]��
�

,�H�� �. v�.	� B22 �  ,�H�� �. v�.	� :��< -�9Q� ]��
�B23 ,�3� 


5� ��/ ����.  

  
 E
	7-  �03)��t� 5=7� �0 Y472 T�G 7+(  VF��� JK�G �� (07+

 E��"6(7X� ���K0 �+ U)+7� (3�@ E��"6 VF��� 
B22  E��"6 VF��� 4

 ���K0 �+ U)+7� (3�@B23  

  
E
	 8-  �03)��u�Z 5=7� �0 Y472 T�G 7+(  VF��� JK�G �� (07+

 E��"6(7X� ���K0 �+ U)+7� (3�@ E��"6 VF��� 
B22  E��"6 VF��� 4

 ���K0 �+ U)+7� (3�@B23 

  

S���8 7-9 �; -�/ � :7  �8 �� ,�3� :���� ]��
� �� ��;��. -


5�  ��. ����3�� -.�T �� ��M ,�H; � 
5� 
5�� �.�> 
T� �. ����

 ,�H�� 
T�B22  ,�H�� A� 	
6.B23  ]��
� � 
5��.
5�  :�	. ����

 .
5� 	� 4��^� :���� ]��
� �. ,�H�� O�� ,�H�� :�	.B22  O�	
H�

 -�/ �� �U> �1��7  �. 	.�	.6 1 ��^�	� A� k�	> �� � �:  :�;

�� 4V�� � �/�. �. 	.�	. �U> �1�� O�	
3�.18 1��	> �� � � A� k�

:^�	� �� {�^. :�;�/�..  ,�H�� :�	.B22  �� �U> �1�� O�	
H�

�/ -8  �. 	.�	.9 �� �1 �� �. 	.�	. �U> �1�� O�	
3�. � �/�.17 

1��^�	� A� k�	> �� � �: �� {�^. :�;.�/�. Dq
>� 
9<  ��V	;)

(?�  ]��
�:	Z� �� �9H< � �U@� :���� ,�H�� �� �� �/�. O�� �����

 �
 	7 	Z� �� ���5 S�95 �� S�E�� ��5�Q� �� O��gH; � 
5� ��/

\� ��3�	� :[	���� :��Q� � �/	. :�;�	�� h�	  	Z� �
 	7� .
5� ��3

 	Z� �� 	�R�. 
T� �. ���H�� �� :��< -�9Q� ,�H�� 	7� ����� OHK

:�; !5�� ,�/ 	� 4��^� S�H
L� �
 	7 .���� ��8� �9�9Q� � :��<  

�. �8�� �. ����� e��	K ,�5��� �.
5� ���� A� ]��
� :��< :�	. 

,�H�� B22 ����. �. ]��
� :	Z� 4��^� 
5� ��,��� 
I7 �� 	K�e� 

,�5��� :�	. ��R :����A :�; S�95 :�G�. �. k�	> A� ^�	� 	�R�. A� 

7/0 �. h��1 ,�3� ���� ��/ ��  S��88 ;��>�� ��..  
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3 -2- ���@ 7-�L� �K�:� �0 �3�#��0 �+ ���� ��-�@0  

 ]��
� �	�
0� hR�@� A� ���I
5� �. �C�5 ���
<� :�	.:	Z�  O�� ��

���@�  ���@� ]��
� �."� P��>�QI1 ,��� 4�
5R :����A ��R :�  :�;

:�G�. � :�	��� S�95 ]1[" ;��> ����@���/ �. @��� �
.�\ :�; 

] ���@� ]��
� A� ���I
5� �. ��/ ��5�Q� 4�
5R�1 [ S��8 ��10  ,�3�

 .
5� ��/ ���� S��8 ����@� �.10  ]��
� �.:	Z�  S��87  ��;�3�

��/ �� �
��� W��
�; 	.�	. ?; �. �.�> ����. 
T� �. ]��
� O�� �� ��

^�	� A� k�	>:  
5� O�� ,� 
9< �� ����� Dq
>� ?; �. �H� R�. :�;

 S�95 :�; :����A ��R :� �QI1 ,��� 4�
5R� P��> ���@� �� ��

] :�G�. � :�	���1  �[  4�
5R� e��	K :A�5 ���5 ��V A� ���I
5� �.

 �m	  �^�	� A� k�	> :�	.:  :�;4V�� 
5� ���� 
5�.. C�
� �� �

�� ]��
� �� 
I7 ,���:	Z� �. ]��
� ����� 
5��� �
5��.�/�.  

  

 ,4��10- :��0 �J+�O (�D  �0 �3�#��0 �+ ��	 �-��"� ����.0

] �K�:� VF���1[ 
e ,�%MPa&  ,4%MPa&  c�4%MPa&  >4�∗  

0  139/0  139/0  038/0  806/0  

1/0  141/0  139/0 038/0  813/0  

2/0  148/0  137/0  04/0  838/0  

3/0  162/0 135/0  041/0  882/0  

4/0  183/0  132/0  044/0  95/0  

5/0  217/0  128/0  049/0  05/1  

6/0  275/0  121/0  055/0  22/1  

7/0  378/0  114/0  067/0  52/1  

8/0  572/0  094/0  088/0  11/2  

9/0  596/0 06/0  146/0 88/3  

 

4 - ����� (7�Q 
 �. v�.	� hR�@� ��H< l0K
.�\ :�;  S�95 :����A ��R 4�
5R�

 :�; ^�	� A� k�	> :�	. �� ��. O�� :�G�.���Q�  
5�. ]��
� O��

.
5� ���� ��GT ��G�. :	
����� �U.�� A� ���I
5� �. ���@� O�� �� 

� ����92�
5�� :	Z� :[	�� S�	2
�� � �3�	�  ,��YH�5 (�� �. :	�7

� �/ D	M	. l0K O�� 
.�\ :�; 4�
5R� ,��� �QI1 :� ��R :����A 

S�95 :�G�. ^�	� A� k�	> :�	. �
����Q� ��; ,��.: ��5�Q� 

�/�� . �/ ��;�3�S��� _��� �/	. S��� � �. N�5 ,���  
���


��`K S�95 �. a�0/ 4V�� �G�.� �U.�� ?�@
�� ����.  O��gH;

��;�3� �/ �� 
.��\ 4�
5R� �. k�	> A� ^�	�: �G�.  �
�.��

�� .�/�.  ���@�
.�\ :�;  :�
5�� �� _��� S��� �U.�� �. v�.	�x �. �

^�	� A� k�	> B��^ �:  	��f�) (
5�� s> 
H5 �. �	��� A� S�95

@� ��� 
 �� B��^ ��\ ����U.�� �. v�.	� 
.�  :�;_��� S���  ��

 :�
5��y  ��/	. S��� �^�	� A� k�	> B��^ � �.: B;��  �. � �
 ��


5� ��	� -�� 	I1 
H5 s> �. -���� S�95 ,�V �
5� ��/  �

 ��> P��> ����
5�� ���� � S�95 a�0/ 
5� �
 �� B;�� ) ��0�

 :�
5��y(  
5� A����
5� �. ��/ ���� ,�3� O��gH;  ,�5��� e�	K

^�	� A� k�	> �.: � ���� �U.�� S�95 ^�	� A� k�	> B��^ � �.� >�4∗ 

 � B��^ �>4�∗  B;��
5� �
 ��. �� �6
�� �. ���I
5� A� -�9Q� :��<  �.

 ��^ � N	� A� ���I
5�ABAQUS  �H9< 	�
0� ���@� 4� ]��
� O��gH; �


Q1 ]��
� �5�	. .�/ �. �8�� �. -L :��< � -L :	Z�  �/ ��;�3�

�� ���I
5� A� �U.�� :	
����� �G�. 
T� -L �� . B��^ � �������;� .

O��gH; �. �8�� �. ����� �� O�� (�� �
����Q� :�	. k�	> A� ^�	�: 

��8� ����� ��,��� 
I7 �� O�� (�� -L  4�(�� -��� ���/�..  

 

5- J�7�? Z[8@ 

σ  B�� S��	� )vdM�( 

τ  B�� �/	. )vdM�( 

ε  B�	� S��	� 

γ  B�	� �/	. 

E  S��� _��� )vdM�( 

G  S��� �/	. )vdM�( >  e�	K ,�5���  
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